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Abstract. We present a survey of the theory of 7-radonifying operators and 
its applications to stochastic integration in Banach spaces. 
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1. Introduction 

The theory of 7-radonifying operators can be traced back to the pioneering 
works of Gel'eand [40], Segal, [111], Gross [42, 43], who considered the following 
problem. A cylindrical Gaussian distribution on a real Banach space F is a bounded 
linear operator W : F* — > L 2 (S1), where F* is the dual of F and (f2,^",P) is a 
probability space. If T is a bounded linear operator from F into another real Banach 
space E, then T maps W to a cylindrical Gaussian distribution ToW : E* — > L 2 (f2) 

by 

(To W)x* := W(T*x*), x*eE*. 
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The problem is to find criteria on T which ensure that T o W is Radon. By this 
we mean that there exists a strongly measurable Gaussian random variable X £ 
L 2 {tt;E) such that 

(To W)x* = (X,x*), x*eE* 

(the terminology "Radon" is explained by Proposition 2.1 and the remarks following 
it). The most interesting instance of this problem occurs when F = H is a real 
Hilbert space with inner product [•, •] and W : H — > L 2 (fl) is an isonormal process, 
i.e. a cylindrical Gaussian distribution satisfying 

EW(hi)W(ha) = [hi,h 2 ], h u ha G H. 

Here we identify H with its dual H* via the Ricsz representation theorem. A 
bounded operator T : H — > E such that T o W is Radon is called j-radonifying. 
Here the adjective '7-' stands for 'Gaussian'. 

GROSS [42, 43] obtained a necessary and sufficient condition for 7-radonification 
in terms of so-called measurable scminorms on H. His result includes the classical 
result that a bounded operator from H into a Hilbert space E is 7-radonifying 
if and only if it is Hilbcrt-Schmidt. These developments marked the birth of the 
theory of Gaussian distributions on Banach spaces. The state-of the-art around 
1975 is presented in the lecture notes by Kuo [69]. 

7-Radonifying operators can be thought of as the Gaussian analogues of p- 
absolutely summing operators. For a systematic exposition of this point of view 
we refer to the lecture note by Badrikian and Chevet [4], the monograph by 
Schwartz [109] and the Maurey-Schwartz seminar notes published between 
1972 and 1976. More recent monographs include Bogachev [9], Mushtari [84], 
and Vakhania, Tarieladze, Chobanyan [118]. 

In was soon realised that spaces of 7-radonifying operators provide a natural 
tool for constructing a theory of stochastic integration in Banach spaces. This 
idea, which goes back to a paper of Hoffman- J0rgensen and Pisier [48], was 
first developed systematically in the Ph.D. thesis of Neidhardt [93] in the con- 
text of 2-uniformly smooth Banach spaces. His results were taken up and further 
developed in a series of papers by DETTWEILER (see [29] and the references given 
there) and subsequently by Brzezniak (see [11, 13]) who used the setting of mar- 
tingale type 2 Banach spaces; this class of Banach spaces had been proved equal, 
up to a renorming, to the class of 2-uniformly smooth Banach spaces by Pisier 
[99] . The more general problem of radonification of cylindrical semimartingales has 
been covered by Badrikian and Ustunel [5], Schwartz [110] and Jakubowski, 
Kwapien, Raynaud de Fitte, Rosinski [55]. 

If E is a Hilbert space, then a strongly measurable function / : R + — > E is 
stochastically integrable with respect to Brownian motions B if and only if / E 
L 2 (K+; E). It had been known for a long time that functions in L 2 (R + ; E) may fail 
to be stochastically integrable with respect to B. The first simple counterexamples, 
for E = £ p with 1 ^ p < 2, were given by Yor [120]. Rosinski and SuCHANECKl 
[105] (see also Rosinski [103, 104]) were able to get around this by constructing a 
stochastic integral of Pettis type for functions with valued in an arbitrary Banach 
space. This integral was interpreted in the language of 7-radonifying operators by 
van Neerven and Weis [90] ; some of the ideas in this paper were already implicit 
in Brzezniak and van Neerven [14]. The picture that emerged is that the space 
7(L 2 (R+),i?) of all 7-radonifying operators from L 2 (R+) into E, rather than the 
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Lebesgue-Bochner space L 2 (R+; E), is the 'correct' space of E- valued integrands for 
the stochastic integral with respect to a Brownian motion B. Indeed, the classical 
Ito isometry extends to the space 7(L 2 (R + ), E) in the sense that 
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for all simple functions <f> : R+ — > H E; here <j> : L 2 (R+) —> E is given by 
integration against </>; on the level of elementary tensors, the identification <fr H> 4> is 
given by the identity mapping f ®x i-> /<£>x. For Hilbert spaces, this identification 
sets up an isomorphism 

L 2 (R+;£;)~7(L 2 (R + ) ) .E). 

In the converse direction, if the identity mapping / ® x i—> / ® x extends to an 
isomorphism L 2 (R + ;E) ~ 7(L 2 (R + ), £*), then 2£ has both type 2 and cotype 2, so 
£ is isomorphic to a Hilbert space by a classical result of Kwapien [70] . 
Interpreting B as an isonormal process W : L 2 (R + ) — > L 2 (O) by putting 

/•OO 

(1.1) W(f) := / fdB, 

Jo 

this brings us back to the question originally studied by GROSS. However, instead 
of thinking of an operator : L 2 (R + ) — > E as 'acting' on the isonormal process W, 
we now think of W as 'acting' on as an 'integrator'. This suggests an abstract 
approach to _E-valued stochastic integration, where the 'integrator' is an arbitrary 
isonormal processes W : H — >• L 2 (Vt), with H an abstract Hilbert space, and the 
'integrand' is a 7-radonifying operator from H to E. For finite rank operators 
T = J2n=i h® x the stochastic integral with respect to W is then given by 

N N 



In the special case H = L 2 (R+) and W given by a standard Brownian motion 
through (1.1), this is easily seen to be consistent with the classical definition of the 
stochastic integral. 

This idea will be worked out in detail. This paper contains no new results; 
the novelty is rather in the organisation of the material and the abstract point 
of view. Neither have we tried to give credits to many results which are more or 
less part of the folklore of the subject. This would be difficult, since theory of 
7-radonifying operators has changed face many times. Results that are presented 
here as theorems may have been taken as definitions in previous works and vice 
versa, and many results have been proved and reproved in apparently different but 
essentially equivalent formulations by different authors. Instead, we hope that the 
references given in this introduction serves as a guide for the interested reader who 
wants to unravel the history of the subject. For the reasons just mentioned we 
have decided to present full proofs, hoping that this will make the subject more 
accessible. 

The emphasis in this paper is on 7-radonifying operators rather than on stochas- 
tic integrals. Accordingly we shall only discuss stochastic integrals of deterministic 
functions. The approach taken here extends to stochastic integrals of stochastic 
processes if the underlying Banach space is a so-called UMD space by following the 
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lines of VAN Neerven, Veraar, Weis [88]. We should mention that various alter- 
native approaches to stochastic integration in general Banach spaces exist, among 
them the vector measure approach of Brooks and Dinculeanu [10] and DlN- 
CULEANU [32], and the Dolcans measure approach of Metivier and Pellaumail 
[83]. As we see it, the virtue of the approach presented here is that it is tailor-made 
for applications to stochastic PDEs; see, e.g., Brzezniak [11, 13], Da Prato and 
Zabczyk [27], van Neerven, Veraar, Weis [86, 89] and the references therein. 
For an introduction to these applications we refer to the author's 2007/08 Internet 
Seminar lecture notes [85]. 

Let us finally mention that the applicability of radonifying operators is by no 
means limited to vector-valued stochastic integration. Radonifying norms have 
been used, under the guise of Z-norms, in the local theory of Banach space for 
many years; see e.g. Diestel, Jarchow, Tonge [30], Kalton and Weis [62], 
Pisier [102], Tomczak-Jaegermann [115]. In harmonic analysis, 7-radonifying 
norms are the natural generalisation of the square functions arising in connection 
with Littlewood-Paley theory (see e.g. Stein [112]) and were used as such in 
Kalton and Weis [63], Hytonen [49], Hytonen, McIntosh, Portal [50], and 
Hytonen, van Neerven, Portal [51]. Further applications have appeared in 
interpolation theory, see Kalton, Kunstmann, Weis [60] and Suarez and Weis 
[113], control theory, see Haak and Kunstmann [44], and in image processing, see 
Kaiser and Weis [58]. This list far from being complete. 

This paper is loosely based on the lectures presented at the 2009 workshop on 
Spectral Theory and Harmonic Analysis held at the Australian National University 
in Canberra. It is a pleasure to thank the organisers Andrew Hasscll and Alan 
Mcintosh for making this workshop into such a success. 

Notation. Throughout these notes, we use the symbols H and E to denote real 
Hilbert spaces and real Banach spaces, respectively. The inner product of a Hilbcrt 
space H will be denoted by [-,-]h or, if no confusion can arise, by [•,•]. We will 
always identify H with its dual via the Riesz representation theorem. The duality 
pairing between a Banach space E and its dual E* will be denoted by (■,-}e,e* 
or simply (■,■). The space of all bounded linear operators from a Banach space E 
into another Banach space F is denoted by ££{E, F). The word 'operator' always 
means 'bounded linear operator'. 

2. Banach space-valued random variables 

Let (A, , (i) be a cr-finitc measure space and E a Banach space. A function 
/ : A — > E is called simple if it is a finite linear combination of functions of the form 
Is (g> x with B £ si of finite /i-measure and x £ E, and strongly measurable if there 
exists a sequence of simple functions f n :A^-E such that lim„_ i . 00 f n = / pointwise 
almost surely. By the Pettis measurability theorem, / is strongly measurable if and 
only if / is essentially separably valued (which means that there exists a null set 
N £ &f and a separable closed subspace E of E such that /(£) £ E for all £ ^ N) 
and weakly measurable (which means that (f,x*) is measurable for all x* £ E*). 

When (f2, jF, P) is a probability space, strongly measurable functions / : fi E 
are called random variables. Standard probabilistic notions such as independence 
and symmetry carry over to the _E-valucd case in an obvious way. Following tradi- 
tion in the probability literature, random variables will be denoted by the letter X 
rather than by /. The distribution of an E- valued random variable X is the Borcl 
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probability measure /ix on E denned by 

Hx(B) :=F{X e B}, B G 98(E). 

The set {X G B} := G fi : X(lj) G £>} may not belong to but there always 
exists a set F G J^" such that the symmetric difference FA{X G £?} is contained in 
a null set in & ' , and therefore the measure /Ltjsf is well-defined. 

For later use we collect some classical facts concerning £7- valued random vari- 
ables. Proofs, further results, and references to the literature can be found in 
Albiac and Kalton [1], Diestel, Jarchow, Tonge [30], Kwapien and Woy- 
czynski [73], Ledoux and Talagrand [76], and Vakhania, Tarieladze, Chob- 

ANYAN [118]. 

The first result states that E- valued random variables are tight: 

Proposition 2.1. If X is a E-valued random variable, then for every e > there 
exists a compact set K in E such that ¥{X K} < e. 

Proof. Since X is separably valued outside some null set, we may assume that E 
is separable. Let (x n ) n ^i be a dense sequence in E and fix e > 0. For each integer 
k ^ 1 the closed balls B(x n , i) cover E, and therefore there exists an index Nk ^ 1 
such that 

N k 
n=l 

The set K := Hfc>i Un=i B{x n , ^) is closed and totally bounded. Since E is 
complete, K is compact. Moreover, P{X g" K} < J2k>i 2 _fc £ =e. □ 

This result implies that the distribution fix is a Radon measure, i.e. for all 
B <E 33(E) and e > there exists a compact set K C B such that nx(B \ K) < e. 
Indeed, the proposition allows us to choose a compact subset C of E such that 
A*x (C) > 1 — \ £ j an d by the inner regularity of Borel measures on complete separable 
metric spaces there is a closed set .F CB with n{B\F) < \e. The set K = CDF has 
the desired properties. Conversely, every Radon measure y, on E is the distribution 
of the random variable X(x) — x on the probability space (E, 38(E), /i). 

Motivated by the above proposition, a family 5CJ of iJ-valued random variables 
is called uniformly tight if for every e > there exists a compact set K in E such 
that P{X K} < e for all X G S£ . 

A sequence of -E-valued random variables (X n ) n ^i is said to converge in dis- 
tribution to an E-valued random variable X if lirrin^oo E/(X„) = Kf(X) for all 
/ G Cb(E), the space of all bounded continuous functions / on E. 

Proposition 2.2 (Prokhorov's theorem). For a family X of E-valued random 
variables the following assertions are equivalent: 

(1) SC is uniformly tight; 

(2) every sequence in % has a subsequence which converges in distribution. 

Excellent accounts of this result and its ramifications can be found in Billings- 
ley [7] and Parathasarathy [96]. 

We continue with a maximal inequality 

Proposition 2.3 (Levy's inequality). Let X±, . . . ,Xm be independent symmetric 
E-valued random variables, and put S n := Xj for n = 1, . . . , N. Then for all 
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r)0« have 

P{ max \\S n \\>r} ^2F{\\S N \\>r}. 

This inequality will be used in Section 4. It is also the main ingredient of a 
theorem of Ito and NlSlO, presented here only in its simplest formulation which 
goes back to Levy. 

Proposition 2.4 (Levy, Ito-Nisio). Let (X n ) n ^i be a sequence of independent 
symmetric E-valued random variables, and put S n := Xj for n ^ 1. The 

following assertions are equivalent: 

(1) the sequence {S n ) n ^i converges in probability; 

(2) the sequence (S n ) n ^i converges almost surely. 

Let (xi)i£i be a family of elements of a Banach space E, indexed by a set I. 
The sum X^e/ Xi IS summable to an element s € E if for all e > there is a finite 
subset J C I such that for all finite subsets J' C I containing J we have 

s ~ x 4 < e - 

je.J' 

Stated differently, this means that lim,/ sj = s, where sj := j x j an< i the- limit 
is taken along the net of all finite subsets J C. I. 

As we shall see in Example 3.2, this summability method adequately captures 
the convergence of coordinate expansions with respect to arbitrary maximal or- 
thonormal systems in Hilbcrt spaces. For countable index sets /, summability is 
equivalent to unconditional convergence. The 'only if part is clear, and the 'if 
part can be seen as follows. Suppose, for a contradiction, that Yliel Xn = s uncon ~ 
ditionally while Yliel Xn * s no ^ summa blc to s. Let / = (i n ) n ^i be an enumeration. 
There is an e > and an increasing sequence J\ C J 2 C . . . of finite subsets of I 
such that {ii, . . . , i k } C J k and \\s- s Jk || ^ e. Clearly \J k>1 J k = I- J£ I = (i^)n>i 
is an enumeration with the property that J k = {i^, . . . , i' N } for all k 1 and 
suitable Ni ^ N2 ^ ■■ ■ , the sum 5Z n>1 ie^ fails to converge to s. This contradicts 
the unconditional convergence of the sum J2iei Xi ^° s - 

Convergence of sums of random variables in in L p (fl;E) has been investigated 
systematically by Hoffmann- J0RGENSEN [47]. Here we only need the following 
prototypical result: 

Proposition 2.5. Let I ^ p < 00, let be an indexed family of independent 

and symmetric random variables in L p (fl;E) and let S € L P (Q;E). The following 
assertions are equivalent: 

(1) Xi is summable to S in L P (Q;E) 

(2) ^2i£j(Xi, x*) is summable to (S,x*) in L P (Q) for all x* € E* . 

Proof. We only need to prove the implication (2)=>(1). 

Let [I] denote the collection of all finite subsets of /. For J 6 [J] set Sj := 
~^2j e jXj. From (2) it easily follows that for all J £ [L] and x* £ E* the random 
variables (Sj,x*) and (S — Sj,x*) are independent. If we denote by j^j the a- 
algebra generated by {Xj : j <G J}, for all x* € E* it follows that 

(E(S\J?j),x*) = E((S,x*)\J?j) = (Sj,x*) 

in I/ P (f2). As a consequence, 

E(5| Jfj) = 5. 7 



7-RADONIFYING OPERATORS - A SURVEY 



7 



in L p (tt; E). Now (1) follows from the elementary version of the E- valued martin- 
gale convergence theorem (see Diestel and Uhl [31, Corollary V.2]). □ 

We continue with a useful comparison result for Rademacher sequences and 
Gaussian sequences. Recall that a Rademacher sequence is a sequence of inde- 
pendent random variables taking the values ±1 with probability i. A Gaussian 
sequence is a sequence of independent real- valued standard Gaussian random vari- 
ables. 

Proposition 2.6. Let (r n ) n ^i be a Rademacher sequence and ( / y n )n>i a Gaussian 
sequence. 

(1) For all 1 ^ p < co and all finite sequences x±, . . . , xn € E we have 



N 



N 



71=1 



71=1 



(2) If E has finite cotype, then for all 1 ^ p < oo £/iere exists a constant 
C p ,e smc/j i/iai /or finite sequences xi, . . . ,xjsr £ E we have 



N 



N 



For the definition of cotype we refer to Section 11. We will only need part (1) 
which is an elementary consequence of the Kahane contraction principle (see Ka- 
HANE [57]) and the fact that the sequences (7„)„^i and {r n \ln\)n^i are identically 
distributed when (r n ) n ^i is independent of (7„) rl ^i. 

Wc finish this section with the so-called Kahane-Khintchinc inequalities. 

Proposition 2.7 (Kahane-Khintchine inequalities). Let (r„) n ^i be a Rademacher 
sequence and (7n)n>i o, Gaussian sequence. 

(1) For all 1 ^ p 1 q < oo there exists a constant C pq , depending only on p and 
q, such that for all finite sequences X\, . . . , xn £ E we have 



N 



N 



(2) For all 1 $J p, q < oo there exists a constant C^, depending only on p and 
q, such that for all finite sequences Xi, . . . , xn € E we have 



N 

( E ll£ 



N 

c£«( E ||E 



771^7 



The least admissible constants in these inequalities are called the Kahane-Khint- 
chine constants and are usually denoted by K p ^ q and K pq - Note that K p%q = 1 if 
p < q by Holder's inequality. It was shown by Latala and Oleszkiewicz [74] 
that K 2 ,i = V2. 

Part (2) of the proposition can be deduced from part (1) by a central limit 
theorem argument (which can be justified by Lemma 9.1 below); this gives the 
inequality K^ q ^ K Piq . 
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3. 7-RADONIFYING operators 

After these preparations we are ready to introduce the main object of study, the 
class of 7-radonifying operators. Throughout this section H is a real Hilbcrt space 
and E is a real Banach space. Gaussian random variables are always assumed to 
be centred. 

Definition 3.1. An H-isonormal process on a probability space (Q, ^*,P) is a map- 
ping W : H —> L 2 (il) with the following properties: 

(i) for all h € H the random variable W(h) is Gaussian; 

(ii) for all hi, h 2 G H wc have EW(hi)W(h 2 ) = [hi, h 2 ]. 

Isonormal processes lie at the basis of Malliavin calculus. We refer to Nualart 
[95] for an introduction to this subject. We shall use isonormal processes to set up 
an abstract version of the vector-valued Ito stochastic integral. As the scalar Ito 
stochastic integral arises naturally within Malliavin calculus, the theory developed 
below serves as a natural starting point for setting up a vector-valued Malliavin 
calculus. This idea is taken up in Maas [78] and Maas and VAN Neerven [79]. 

Wc turn to some elementary properties of isonormal processes. From (ii) we have 

E|W(cifti + c 2 h 2 ) - {c x W{hi) + c 2 W{h 2 ))\ 2 = 0, 

which shows that W is linear. As a consequence, for all hi , . . . , /liv G H the random 
variables W(h x ), . . . , W(/ijv) are jointly Gaussian (which means that every linear 
combination is Gaussian as well) . Recalling that jointly Gaussian random variables 
are independent if and only if they are uncorrelated, another application of (ii) 
shows that W{hi), . . . , WQim) are independent if and only if hi, ... , h^ <E H are 
orthogonal. 

Example 3.2. Let H be a Hilbert space with maximal orthonormal system (hi)i£i 
and let ('ji)iei be a family of independent standard Gaussian random variables with 
the same index set. Then for all h G H, ^2 ie j Ji[h, hi] is summable in L 2 (Ji) and 

W{h):=Y,li[h,hil heH, 

defines an If-isonormal process. To see this let h E H be fixed. Given e > choose 
indices i x , . . . G / such that 

N 

h-'^2 l [h,h in ]h ln <e. 

n=l 

For any finite set J' C / containing i\, . . . , i^ we then have, by the Pythagorean 
theorem, 

h- ^2[h,hj]hj 

jeJ' 

This implies that ^2 ie j[h, hi]hi is summable to h. Since W clearly defines an isomet- 
ric linear mapping from the linear span of (hi)i^i into L 2 (fl) satisfying W(hi) = 7,, 
5^ igJ 7i[h, hi] is summable in L 2 (il). Denoting its limit by W(h), the easy proof 
that the resulting linear map W : H — >• L 2 (£l) is isonormal is left to the reader. 

Example 3.3. If B is a standard Brownian motion, then the Ito stochastic integral 

/■OO 

W(h) := / hdB, h e L 2 (R+), 
Jo 



< e. 
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defines an L 2 (IR+)-isonormal process W. Conversely, if W is an L 2 (R+)-isonormal 
process, then 

B{t):=W{t m ), t>0, 
is a standard Brownian motion. Indeed, this process is Gaussian and satisfies 
EB(s)B(t) = [l (0 , s) , l (0 ,t)]L2 (K+) = s At for all s,t > 0. 

Example 3.4. Let B be a Brownian motion with values in a Banach space E and let 
be the closed linear span in L 2 (Vt) spanned by the random variables (B(l), x*}, 
x* G E* . Then _B induces an L 2 (IR + ; t ^ c, )-isonormal process by putting 

/>oo 

W(f®(B(l),x*)):= fd(B,x*), f eL 2 (R + ), x* EE*. 
Jo 

To see this, note that since (B, x*) is a real- valued Brownian motion, 

E\(B(t),x*)\ 2 = tE\(B(l),x*)\ 2 

for alii ^ 0. Hence by normalising the Brownian motions (B,x*), the Ito isometry 
gives 

EW(f ® (B(l),x*))W(g® (B(l),y*)) = E(B(l),x*)(B(l),y*)if,g] L2(R+) 

= [f®(B(l),x*),g® (5(1), z*)]^^). 

Remark 3.5. In many papers, J^-cylindrical Brownian motions are defined as a 
family W = (W(t)) t ^>o of bounded linear operators from Jt? to L 2 (il) with the 
following properties: 

(i) for all h G J$?, the process (W(i)h)t^o 1S a Brownian motion; 

(ii) for all t\, t% 5^ and hi, /i 2 € ^ we have 

E(W(ti)hi • W(i 2 )/i 2 ) = (ti A < 2 )[/n, h a ]. 

Subsequent arguments frequently use that the family {W(f)/i : t ^ 0, h £ J$?} is 
jointly Gaussian, something that is not obvious from (i) and (ii) . If we add this as 
an additional assumption, then every ^-cylindrical Brownian motion defines an 
L 2 (R + ; ^°)-isonormal process in a natural way and vice versa. 

In the special case Jt? = L 2 (D), where D is a domain in M. d , L 2 (D)-cylindrical 
Brownian motions provide the rigorous mathematical model of space-time white 
noise on D. 

In what follows, W : H — s- L 2 (il) will always denote a fixed iJ-isonormal process. 
For any Banach space E, W induces a linear mapping from H (g) E to L 2 (Q) (g E, 
also denoted by W, by putting 

W{h®x) := W{h)®x 

and extending this definition by linearity. The problem we want to address is 
whether there is a norm on H ® E turning W into a bounded operator from H ® E 
into L 2 (n;E). 

Example 3.6. Let B be a Brownian motion and let W : L 2 (M. + ) — > L 2 (Vl) be the 
associated isonormal process. Identifying E- valued step functions with elements in 
L 2 (R + ) <g E we have 

W(l (a . b) ® x) = / l {aM ®xdB. 
Jo 
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Thus, W can be viewed as an E'-valued extension of the stochastic integral with 
respect to B. In the same way, for isonormal processes W : L 2 (R+; Jf?) — > L 2 (il) 
we have 



W(l( n ,&) ® h) ® x) 



l(a.b) ® (/l ® X) rfW, 



where the right-hand side is the side the stochastic integral for Jf? ® i5- valued 
step functions with respect to ^-cylindrical Brownian motions introduced in van 
Neerven and Weis [90]. 

Suppose an element in H ® E of the form X)^=i ^« ® is given with h\, . . . ,h^ 
orthonormal in H . Then the random variables W(hi), . . . , W(hpf ) are independent 
and standard Gaussian and therefore 

N N 



where (7 n )„ =1 is any Gaussian sequence. The right-hand side is independent of the 



representation of the element in H ® E as a finite sum X^=i ^« ® x n as l° n S as wc 
choose the vectors hi,.. 
representation 



i ft.jv orthonormal in i?. Indeed, suppose we have a second 

N M 
n— 1 m— 1 

where the vectors h[, . . . , h' M are again orthonormal in if. There is no loss in 
generality if we assume that the sequences (h n )^ =1 and (/i4i)m=i span the same 
finite-dimensional subspace G of if. In fact we may consider the linear span of the 
set {hi, . . . , h 7v , hi, . . . , h' M } and complete both sequences to orthonormal bases, 
say (Zifc)fcLi and (h' k )^ =1 , for this linear span. Then we may write 

K K 

^h k <E)x k ^^h' k <g) x' k 

k=l k=l 

with x k = for k = N + 1, . . . , K and x' m = for k = M + 1, . . . , K. Under this 
assumption, we have M = N = K and there is an orthogonal transformation O on 
G such that 0/i' fc = h k for all fc = 1, . . . , K. Then 

K K 

Xk = ^[hphi^x'j = y^JOhj, fefcjzj. 
3=1 j'=i 

(ojfe) denote the matrix representation with respect to the basis (h k ) 



Let O 
Then, 



K 

k=l- 



K 

ie 1 1 y^7fcx fc 
fc=i 



A" 



A 



k=l 



3=1 



K K 

i=i fc=i 



A' 

E 

3=1 



where 7< := £f =1 o,7c7fc- Writing 7 = (71,..., 7rt) and 7' = (71, • • • ,7jr)> tnis 
means that 

7' = O7. 

As Revalued Gaussian random variables, 7 and 7' have covariance matrices I (by 
assumption) and OIO* = I (since O is orthogonal), respectively. Stated differently, 
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the random variables 7^ form a standard Gaussian sequence, and thereby we have 
proved the asserted well-definedness. 

Definition 3.7. The Banach space j(H, E) is defined as the completion of H ® E 
with respect to the norm 



2 



Eh n ®x„ :=E 5^7. 



n,Xn 

n=l 



n=l 

where it is assumed that hi, . . . ,hx arc orthonormal in H. 

The following example is used frequently in the context of stochastic integrals, 
where H\ = L 2 (R+) and H2 = ffl is some abstract Hilbert space: 

Example 3.8. Let Hi and H2 be Hilbert spaces and let H10H2 denote the Hilbert 
space completion of their tensor product. Then for all h € Hi and hi, . . . ,hjj £ Hi, 
xi, ...,x N G E, 



N N 

\\y^(h{gi h n ) & x„ „ = \\h\\ Hl h n ® x T 

n=l n=l 

The preceding discussion can be summarized as follows. 



j(H 2 ,e) 



Proposition 3.9 (Ito isomctry). Every isonormal process W : H — > L 2 (Q) induces 
an isometry, also denoted by W, from r )(H,E) into L 2 (il;E). 

For H = L 2 (EL + ; Jrf?) this result reduces to the Ito isometry for the stochastic 
integral with respect to ^-cylindrical Brownian motions of van Neerven and 
Weis [90]. 

We continue with some elementary mapping properties of the spaces j(H,E). 
The first is an immediate consequence of Definition 3.7. 

Proposition 3.10. Let Hq be a closed subspace of H. The inclusion mapping 
io : Hq — > H induces an isometric embedding iq : ^{Hq,E) — > j(H,E) by setting 

io(h (£> x) := ioh <£) x. 

The next proposition is in some sense the dual version of this result: 

Proposition 3.11 (Composition with orthogonal projections). Let Hq be a closed 
subspace of H . Let Pq be the orthogonal projection in H onto Hq and let Eo denote 
the conditional expectation operator with respect to the a-algebra J^o generated by 
the family of random variables {W(ho) : ha € Hq}. The operator Pq extends to a 
surjective linear contraction Pq : ^(H,E) — > j(Hq,E) by setting 

P a (h®x) := P h®x 

and the following diagram commutes: 

j(H,E) L\n-E) 

Pa En 



4 

!(Hq,E) -5^ L 2 (Sl,J? ;E) 
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Proof. For h G Hq we have E W{h) = W(h) = W(P h). For h . 
variable W{h) is independent of {W(hi), . . . , W(1in)} for all fti, 
therefore W(h) is independent of J?o- Hence, 

E W(ft) = EW(ft) = = W(0) = W(P (h)). 
This proves the commutativity of the diagram 

w 



Hq, the random 
. . , h n S Hq , and 



H 



Pu 



E„ 



H 

For elementary tensors h <£> x E H <£> E it follows that 

E W(h (8 aj) = E VF(» ® as = VF(P ft) <8> i« = W{P (h <g> ar)). 

By linearity, this proves that the P-valued diagram commutes as well. That Po ex- 
tends to a linear contraction from i(H, E) to j(Hq, E) now follows from the facts 
that E is a contraction from L 2 (fl;E) to L 2 (fl,,0? o ;E) and both VF : j(H,E) -> 
L 2 (Q; E) and W : "/(Hq, E) — » L 2 (£l, J? ; E) are isometric embcddings. The surjec- 
tivity of Po follows from the surjectivity of Eo. □ 

Proposition 3.12 (Composition with functionals) . Every functional x* 6 P* ea;- 
tends to a bounded operator x* : 7(P, E) ^ H by setting 

x*(h ® x) := (x, x*)h 

and the following diagram commutes: 

W 



7(H,E) 



H 



-> L 2 {Q;E) 



L 2 (n) 



Proof. For elementary tensors we have 

W(x*(h®x)) = (x,x*)W(h) = (W(h®x),x*). 

By linearity this proves that Wax* = x* o W on H ® E. That x* extends to 
a bounded operator from j(H, E) — > H now follows from the fact that both W : 
H -> L 2 (f2) and W : 7(P, P) -> L 2 (£l; E) are isometric embeddings. □ 

In particular it follows, for T E j(H,E), that the E- valued random variables 
W(T) are Gaussian (cf. Dehnition 7.1). This point will be taken up in more detail 
in Section 7. 

So far we have treated H ® E as an abstract tensor product of H and P. The 
elements of H <S> E define bounded linear operators from H to E by the formula 

(ft ® a;) ft' := [ft, ft']a;, ft' G P, 

and we have 



AT 

E h <- 

n=l 



<8> av 



2 

Se{H,E) 



sup 

N 



N 

E 



N 

sup V"a„x r 



< E 2J InXn 



N 

E 

n=l 



/in & Xn 



t(H,E) 



7-RADONIFYING OPERATORS - A SURVEY 



13 



where the inequality follows from the fact that for any x* G E* of norm one and 
any choice (a n )n=i G &n 01 norm ^ 1 we have 



N N N N 



^ OnjXn, X*) < ^ l a «| 2 X] \( X n> X *)\ 2 ^ X! \( X n>X*) 
n—1 n—1 n — 1 n—1 

N 2 N 



n—1 n—1 



This shows that the identity map on H E has a unique extension to a continuous 
and contractive linear operator 

j:-Y(H,E)->Sf(H,E). 

To prove that j is injective let W : if — > L 2 (£l) be an isonormal process. For all 
T G H<g>E, say T = J2 n =i ^n®x n as before, the adjoint operator (jT)* G J£(E*,H) 
is given by (jT)*x* = Y, n =l( x n, x *)h n , so 

E|(W(T),x*>| 2 =E| J2-Yn(x„,x*)\ = £ \( x n,x*)\ 2 = \\(jT)*x*f. 

n—1 n—1 

By approximation, the identity of the left- and right-hand sides extends to arbitrary 
T G 7(iJ, £). Now if jT = for some T G 7 (if, E), then 

E|<pnn**>l 2 HI(i^T = o 

for all x* G £■*, so W(T) = and therefore T = 0. 

Definition 3.13. An operator T G J£{H,E) is called "f-radonifying if it belongs to 
T (#,£). 

From now on we shall always identify 7(if, E) with a linear subspace of Jz?(if, 
Proposition 3.14. Every operator T G j(H,E) is compact. 

Proof. Let lim„_ i . 00 T„ = T in 7 (if, E) with each operator T ra of finite rank. Then 
linVj-yoo T n = T in Jzf(H, E) and therefore T is compact, it being the uniform limit 
of a sequence of compact operators. □ 

The degree of compactness of an operator can be quantified by its entropy num- 
bers. Proposition (3.14) can be refined accordingly; see Section 13. 

Under the identification of 7 (if, E) with a linear subspace of Jz?(if, E), Proposi- 
tion 3.12 states that if W is an if-isonormal process, then for all T G 7(if, E) and 
x* G E* we have 

(W(T),x*) = W{T*x*). 

Similarly, Proposition 3.11 states that for all T G 7 (if, E) and orthogonal projec- 
tions P from if onto a closed subspace ifo we have T\h G ^(HojE) and 

\\T\H a \\y(H ,E) < \\T\\-y(HM)- 

As an application we deduce a representation for the norm of 7(if, E) in terms 
of finite orthonormal systems. 
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Proposition 3.15. For all T e j(H,E) we have 

N 2 

ll T ll7(fl-,_B) = SU P E ^2lnTh n 
h " n=l 

where the supremum is over all finite orthonormal systems h = {h±, . . . ,h^} in H . 

Proof. The inequality is obtained by approximating T with elements from H®E. 
For the inequality we note that for all finite-dimensional subspaces Ho of H we 
have || T|| > II^I-HoIIt^o.-E)- The operator T\h , being of finite rank from 
Hq to E, may be identified with an clement of H <§5 E, and the desired inequality 
follows from this. □ 



Definition 3.16. An operator T <G Jzf(H,E) satisfying 



2 



SUp E ^2 J n Th n 



< 00, 



where the supremum is over all finite orthonormal systems h = {hi, . . . , /ijv} in H, 
is called "/-summing. 

The class of 7-summing operators was introduced by Linde and Pietsch [77] . 

Definition 3.17. The space of all 7-summings operator from H to E is denoted by 
7co (H,E). 

With respect to the norm 

N 

wnLiHM) - sup E\\j2inTK 



h 



n=l 



Joo(H, E) is easily seen to be a Banach space. Proposition 3.15 asserts that every 
7-radonifying operator T is 7-summing and 

\\T\\ lx (H,E) = \\T\\ y (H,E)- 

Stated differently, j(H,E) is isometrically contained in j^HjE) as a closed sub- 
space. In the next section we shall prove that if E does not contain a closed subspace 
isomorphic to cq, then 

loo (H,E)= 1 {H,E), 

that is, every 7-summing operator is 7-radonifying. 

The next proposition is essentiall due to Kalton and Weis [63] . 

Proposition 3.18 (7-Fatou lemma). Consider a bounded sequence (T n ) n ^i in 
loo{H,E). If T £ J£(H,E) is an operator such that 

lim {T n h,x*) = (Th,x*) heH, x* EE*, 

n— > 00 

then T £ 700 (H, E) and 

\\ T huH,E) <: liminf \\T n \\ {H E) . 
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Proof. Let hi, ... , hx be a finite orthonormal system in H . Let (xj^jm^i be a se- 
quence of unit vectors in E* which is norming for the linear span of {Th\, . . . , Thx}- 
For all M ^ 1 we have, by the Fatou lemma, 

K „ K 

E sup ( y^7fcTfe fc ,a^ t ) ^ lim inf E sup / ^ "fkT„h k , x* 



=1,...,M 



fc=l 



^ lim inf 1 1 T, 



= 1,...,M 

1 2 



fc=i 



n|l 7oo (H,E)- 



Taking the limit M — > oo we obtain, by the monotone convergence theorem, 

K 



E\\J2lkTht 



k=l 



< lim inf ||T n ||^ , H E y 



□ 



We continue with a useful criterion for membership of ^^{H, E). Its proof 
stands a bit apart from the main line of development and depends on an elementary 
comparison result in Section 6, but for reasons of presentation we prefer to present 
it here. 

Proposition 3.19 (Testing against an orthonormal basis). Let H be a separable 
Hilbert space with orthonormal basis (h n ) n ^i. An operator T S J£{H,E) belongs 
to 7oo {H, E) if and only if 

N 



sup E J^7n Sh n 



N>1 



n=l 



< 00. 



In this situation we have 



N 



\\ s \\j°°(h,e) = SU P E ^7„5/i„ 



N>1 



Proof. Let . . . , h' k } be an orthonormal system in H. For K ^ 1 let Pk denote 
the orthogonal projection onto the span of {hi, . . . , Hk}- For all x* G E* and 
K ^ k wc have 



n n , x 



k K 

J2(SPKh' p x*) 2 «S \\P K S*x*f = J2(Sf 

j=l n=l 

From Lemma 6.1 below it follows that 

k 2 K 2 N 

E J2 H SPk1i 'j < E || 7« < SU P E 7 " 



N>1 



Hence by Fatou's lemma, 

k 2 fc 2 W 

Ell ^ 7^ 5/i!j ^ lim inf Ell ^ 7j ST*^ < sup e|| ^ 7n 



i=i 

It follows that 



i=i 



iV>l 



The converse inequality trivially holds and the proof is complete. 



□ 
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We continue with two criteria for 7-radonification. The first is stated in terms 
of maximal orthonormal systems. 

Theorem 3.20 (Testing against a maximal orthonormal system). Let H be a 
Hilbert space with a maximal orthonormal system {hiji^i and let [p/i)%^i be a family 
of independent standard Gaussian random variables with the same index set. An 
operator T G J2?(H, E) belongs to j(H, E) if and only if 

is summable in L 2 (Q.;E). In this situation we have 

ii t hW) = HI & T Hf- 

iei 

Proof. We may assume that ji = W(hi) for some 7f-isonormal process W. 

We begin with the 'if part and put X := Y^iei liThi. Given e > choose 
i\, . . . , i;v € I such that for all finite subsets JCJ containing i\, . . . , ijy we have 
W\\X - X,j\\ 2 < e 2 , where Xj := Y, j&J JjThj. Set Tj := Y^jeJ h i ® Th r Then for 
all finite subsets J, J' C. I containing ix, ■ ■ ■ , ijv we have 

\\Tj-Tj,\\^ e) = \\W(T,) - W(Tj,)\\ LW) = \\Xj - Xj,\\ L2{n . E) < 2s. 

It follows that the net {Tj)j is Cauchy in 7 (if, E) and therefore convergent to some 
S G j(H,E). From 

W(S*x*) =J2li(Thi,x*) = W(T*x*) 
iei 

it follows that S*x* = T*x* for all x* G E* and therefore S = T. 

For the 'only if part we note that ^2n\hi, T*x*]hi is summable to T*x* (cf. 
Example 3.2) and therefore 

(W(T),x*) = W(T*x*) = Y^[hi,T*x*]W(hi) = J2li[hi,T*x*) = ^ 7l (T^,x*) 

iei iei iei 

for all x* G E*. Hence by Proposition 2.5, E ie /7i T ^ = W(T) in L 2 (Q;E). 
Finally, by Proposition 3.9, E|| E^/^^H 2 = E\\W(T)\\ 2 = \\T\\* (HiE) . □ 

For operators T G Jz?(H,E) we have an orthogonal decomposition 
(3.1) # = ker(T)®ran(T*). 

The following argument shows that for all T G j(H,E) the subspace ran(T*) is 
separable. Let T n —> T in j(H,E) with each T n G H (£) X. The range of each 
adjoint operator T* is finite-dimensional. Therefore the closure of U n >i ran (^n) is 
a separable closed subspace ifo of H . By the Hahn-Banach theorem, Ho is weakly 
closed. Hence upon passing to the limit for n — > 00 we infer that ran(T*) C Ho 
and the claim is proved. 

If (frn)n>i is an orthonormal basis for any separable closed subspace H' C H 
containing ran(T*), then Theorem 3.20 implies that an operator T G J^f(H,E) 
belongs to j(H,E) if and only if the sum En>i7™^ n ' l « converges in L 2 {Vt]E), in 
which case we have 

ii T fcs)= E ||E^ T ^|| 2 - 

n>l 
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In particular, if H itself is separable this criterion may be applied for any orthonor- 
mal basis (/in)n>i of H and we have proved: 

Corollary 3.21. If H is a separable Hilbert space with orthonormal basis (h n ) n ^i, 
and j/(7n)n^i is a Gaussian sequence, then a bounded operator T : H — > E belongs 
to j(H,E) if and only i/Xm>i lnTh n converges in L 2 (Q;E). In this situation we 
have 

In many papers, this result is taken as the definition of the space ^(H^E). The 
obvious disadvantage of this approach is that it imposes an unnecessary separability 
assumption on the Hilbert spaces H. We mention that an alternative proof of the 
corollary could be given along the lines of Proposition 3.19. 

The next criterion for membership of j(H, E) is phrased in terms of functionals: 

Theorem 3.22 (Testing against functionals). Let W : H — > L 2 (il) be an isonormal 
process. A bounded linear operator T : H — > E belongs to y(H,E) if and only if 
there exists a random variable X G L 2 (Q; E) such that for all x* G E* we have 

W(T*x*) = (X,x*) 

in L 2 (Q). In this situation we have W(T) = X in L 2 (£1;E). 

Proof. To prove the 'only if part, take X = W(T). 

For the 'if part we need to work harder. Let G be the closed subspace in 
L 2 (Vl) spanned by the random variables of the form (X, x*), x* G E* . By a Gram- 
Schmidt argument, choose a maximal orthonormal system (gi)i£i in G of the form 
gi = (X,x*) for suitable x* G E* . Then (^)ig/ is a family of independent standard 
Gaussian random variables. Put hi = T*x* and x, = T/ij. From 

[hi, hj) = EW(hi)W(hj) = E(X, x*){X, x*) = Eg, l9j =0 (i ^ j) 

we infer that (hi)i £ j is a maximal orthonormal system for its closed linear span Hq in 
H. Expanding against (#i)iej, for all a;* G E* we have (X,x*) = J2isi c «(^' x * ) = 
^2iei c i9i w ith summability in L 2 (fl) (cf. Example 3.2), where 

Ci = E(X, x*)(X, x*) = [T*x* ,T*x*] = (Thi,x*). 

Hence, (X, x*) = gi(Thi, x*} with summability in L 2 (fl). This being true for 
all x* G E* . by Proposition 2.5 we then have X = Sie/ 9iThi with summability in 
L 2 {Q; E). Now Theorem 3.20 implies that T G j(H , E). Since T vanishes on Hfr, 
Proposition 3.10 implies that T G ~f(H,E). 

The final assertion follows from (W(T),x*) = W(T*x*) = (X,x*). □ 

A bounded operator T from a separable Hilbert space into another Hilbert space 
E is 7-radonifying if and only if T is Hilbcrt-Schmidt, i.e., for all orthonormal bases 
{hn)n^i °f H we have 

\\ Th J 2 < 00. 

The simple proof is contained in Proposition 13.5. Without proof we mention 
the following extension of this result to Banach spaces E, due to Kwapien and 
SZYMANSKI [72] (see also [9, Theorem 3.5.10]): 
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Theorem 3.23. Let H is a separable Hilbert space and E a Banach space. If 
T G j(H,E), then there exists an orthonormal basis (h n ) n ^i of H such that 

£||TM 2 <°o. 

4. The theorem of Hoffmann-Jorgensen and Kwapien 

In the previous section we have seen that every 7-radonifying operator is 7- 
summing. The main result of this section is the following converse, essentially due 
to Hoffmann-Jorgensen and Kwapien: if E does not contains a closed subspace 
isomorphic to Co, then every 7-summing operator is 7-radonifying. 

We begin with some preparations. A sequence of i5-valued random variables 
(Yn)n^i is said to be bounded in probability if for every e > there exists an r 
such that 

su P P{||y n || >r}<e. 

Lemma 4.1. Let (X n ) n ^i be a sequence of independent symmetric E-valued ran- 
dom variables and let S n = Xj ■ The following assertions are equivalent: 

(1) the sequence (SVi)n^i is bounded almost surely; 

(2) the sequence (S n ) n ^i is bounded in probability. 

Proof. (1)=*>(2): Fix e > and choose r > so that P{sup„^ 1 \\S n \\ > r} < e. Then 
P{||5„|| >r}^P{Bup||5 n || >r}<e 

for all n 1, and therefore (S n ) n ^i is bounded in probability. 

(2)=>(1): Fix e > arbitrary and choose r ^ so large that P{||5„|| > r} < e 
for all n ^ 1. By Proposition 2.3, for all n ^ 1 we have 

P{ sup llfiy > r) < 2Pf ||5„|| > r) < 2e. 

It follows that P{sup fc>1 ||5 fe || > r} s$ 2e for all r > 0, so P{sup fc>1 ||5 fc || = 00} ^ 2e. 
Since e > was arbitrary, this shows that (SVi)n^i is bounded almost surely. □ 

In the proof of the next theorem we shall apply the following criterion, due to 
Bessaga and Pelczynski (see [1]), to detect isomorphic copies of the Banach 
space Co: if (y n )n^i is a sequence in E such that 

(i) limsup^^ ||y n || > 0; 

(ii) there exists M ^ such that || Ylj=i a jVj\\ ^ M for all k ^ 1 and all 

oi,...,ofe e {-l, 1}, 

then (y n )n^i has a subsequence whose closed linear span is isomorphic to cq. 

Theorem 4.2 (Hoffmann-Jorgensen and Kwapien [47, 71]). For a Banach 
space E the following assertions are equivalent: 

(1) for all sequences (X n ) n ^.i of independent symmetric E-valued random vari- 
ables, the almost sure boundedness of the partial sum sequence (S n ) n ^i im- 
plies the almost sure convergence of (S n ) n ^i; 

(2) the space E contains no closed subspace isomorphic to cq. 

Proof. We shall prove the implications (1)=>(3)=>(2)=^(3)=^(1), where 
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(3) for all sequences (x n ) n ^i in E, the almost sure boundedness of the partial 
sums of Ysn^i r ™ x ™ implies lim„^oo x n = 0. 

(1) =>(3): This implication is trivial. 

(3)=>(2): Let u n denote the n-th unit vector of cq. The sum J2 n >i r n(u)u n fails 
to converge for all uj £ D, while its partial sums are uniformly bounded. 

(2) =>(3): Suppose (3) does not hold. Then there exists a sequence (x n ) n ^i in E 
with limsupyj^.^ > such that the partial sums of J2 n >i r n%n are bounded 
almost surely. 

Let denote the u-algebra generated by the sequence (r n )n^i- We claim that 
for all Be?, 

lim P(B n {r„ = -1}) = lim F(B n {r„ = 1}) = ±P(-B). 

n— >oo n— >-oo 

For all B £ Sf/v, the a- algebra generated by ri,...,rjv, this follows immediately 
from the fact that r n is independent of @n for all n > N. The case for B £ now 
follows from the general fact of measure theory that for any B £ <S and any e > 
there exist N sufficiently large and Bn £ @n such that P(BnAB) < e. 
Choose M ^ in such a way that 



n ^ 



By the observation just made we can find an index ri\ 1 large enough such that 
for all oi £ { — 1, 1} we have 



\ sup VV^j < M, r ni =aA > -. 

3=1 



Continuing inductively, we find a sequence 1 ^ n\ < n<i . . . such that for all all 
choices ai, . . . , £ {—1, 1}, 



3 3 



< M, r m = oi, 



, J" n . = a fe 



} > 2 fc +! ' 



Now define 



j = nk for some k 1, 
else. 



Then by symmetry, for all fc 1 we have 

n ^ 

Pjsup |y^Tja;j < M, r ni = a x , . . . , r„ fc = a fc | > 



Since 



s |r ni = ax 



afe 



} 2 k 



it follows that for all k ^ 1 and all choices ax, • • • , afe € { — 1, 1}, the event 



n n 
^ n>X " - i n>l " ■ , 



M, 



a 1; 



afc 



has positive probability. For any w in this event, 

fe n k rik 



M. 
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Since this holds for all choices 01, . . . , au € {— 1, 1}, the Bessaga-Pelczyriski criterion 
implies that the sequence {x nj )j^i has a subsequence whose closed linear span is 
isomorphic to cq. 

(3)=^(1): Suppose the partial sums of Y^ n >i ^ n are bounded almost surely. 

Let 1 n\ < n,2 < ■ ■ ■ be an arbitrary increasing sequence of indices and let 
Yu := S nk+1 — S nk . The partial sums of X^fcjsi ^fc are bounded almost surely. 

On a possibly larger probability space, let (r n ) n ^i be a Radcmachcr sequence in- 
dependent of (X n ) n ^i. By Lemma 4.1, the partial sums of Ylk>i ^ k are bounded in 
probability on fix, and because (Y n ) n ^i and (r n Y n ) n ^i are identically distributed 
the same is true for the partial sums of J3fc>i r kXk- Another application of Lemma 
4.1 shows that the partial sums of this sum are bounded almost surely. By Fubini's 
theorem it follows that for almost all w G O, the partial sums of J2k>i r kYk(ui) 
are bounded almost surely. By (3), limfc^oo Yfc(w) = for almost all w e O. This 
implies that lim^oo Yk = lim^oo S nk+1 — S nk — in probability. 

Suppose now that the sequence (S n ) n ^i fails to converge almost surely. Then 
by Proposition 2.4 it fails to converge in probability, and there exists an e > and 
increasing sequence 1 ^ n± < ni < ■ ■ ■ such that 

n\\Sn k+1 -S nk \\ >e}^e Vk = 1,3,5,... 

This contradicts the assertion just proved. □ 

Now we are in a position to state and prove a converse to Proposition 3.15. 

Theorem 4.3. Let H be a Hilbert space and E a Banach space not containing a 
closed subspace isomorphic to Cq- Then 'y ao [H,E) = ^{H^E) isometrically. 

This result implies that when E does not contain a copy of Co, results involving 
7-summing operators (such as the 7-Fatou lemma (Proposition 3.18) and the 7- 
multiplier theorem (Theorem 5.2) may be reformulated in terms of 7-radonifying 
operators. 

Proof. Let T e joo(H,E) be given and fixed; we must show that T e j(H,E). 
Once we know this, the equality of norms ||T|| 7oo (^£) = ||T|| 7 (# ,e) follows from 
Proposition 3.15. 

Wc begin by proving that there exists a separable closed subspace Hi of H such 
that T vanishes on . To this end let Hq be the null space of T and let (hi)i^i 
be a maximal orthonormal system for Hi := Hq-. We want to prove that Hi is 
separable, i.e., that the index set / is countable. Suppose the contrary. Then there 
exists an integer N ^ 1 such that ||T7ij|| ^ \/N for uncountably many i E I. Put 
J := {i € / : \\Thi\\ ^ 1/-W}. Let (j n )n^i be any sequence in J with no repeated 
entries. For all N ^ 1 wc have 



2 



E\\J2lnTh Jr 



where M is the suprcmum in the statement of the theorem. This means that 
the sequence of random variables Sn '■= ^2, n= ilnThj n , N ^ 1, is bounded in 
L 2 (fl;E), and therefore bounded in probability. By Lemma 4.1, this sequence is 
bounded almost surely. An application of Theorem 4.2 then shows that the sum 
Xm>i lnThj n converges almost surely. Now Proposition 2.6 can be used to the 
effect that the Rademacher sum X)n>i r nThj n converges almost surely as well. But 
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this forces lim„_>. 00 Thj n = 0, contradicting the fact that j n £ J for all n ^ 1. This 
proves the claim. 

By the claim we may assume that H is separable; let (h n ) n ^i be an orthonormal 
basis for H. Repeating the argument just used, X) n >i lnTh n converges almost 

surely. To prove the L 2 (Q; ^-convergence of this sum, put Xn := X^- 1 7jT7ij 
and X := Xm>i lnTh n . By Fubini's theorem and Proposition 2.3, 

/>oo 

E sup ||A„|| 2 = / 2rP{ sup \\X n \\>r}dr 

l<n<JV Jo l^n^JV 

sC / 4rP{||XAr|| > r}dr = 2E\\X 
Jo 



Nil 2 - 



Hence Esupj,^ ||^n|| 2 ^ 2 sup n ^ 1 E||X„|| 2 by the monotone convergence theorem, 
and this supremum is finite by assumption. Hence lim„_ i . 00 E|| A„ — X\\ 2 = by the 
dominated convergence theorem. 

An appeal to Theorem 3.20 and the remark following it finishes the proof. □ 

The assumption that E should not contain an isomorphic copy of Co cannot be 
omitted, as is shown by the next example due to LlNDE and Pietsch [77]. 

Example 4.4. The multiplication operator T : I 2 — > cq defined by 



is 7-summing but fails to be 7-radonifying. 

To prove this we begin with some preliminary estimates. Let 7 be a standard 
Gaussian random variable and put 

G(r) := P{| 7 | 2 *J r} = -= / e"** ds = -= / -—dy. 

An integrations by parts yields, for all r > 0, 

1 f 00 e~^ y 
G{r)=l--= —dy 

(4 1) ^ Jr ^ 

2 e~i r 1 f°° e~^y , 2 e~i T 
= 1 -=—^ + —= dy^l- 



\/2tt \fr \/2tt J r y^/y \/2ir \pr 

Another integration by parts yields, for r ^ 2, 

„, . „ 2 eri r 2 e-i r 3 f°° e"^ , 
G(r) = 1- -=—^ + -= — -=-—=] -^r^dy 
(42) >/2tt V^r^/r ^ J r y 2 ^y 

2 , ixe-i r 1 e"^ 

Let (M ra )nj!i be the standard unit basis of £ 2 . We check that the assumptions of 
Proposition 3.19 are satisfied by showing that 



II 2 / l7«| 2 

sup E \ 7„Tw„ = sup El sup - — - — — - 

" r^i c ° a^i v i<n<iv log(n + i y 



< 00. 
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Using (4.1) we estimate, for t ^ 4. 

I I 2 N 
F { Sup , (\u >t\=l-HG(t\og(n + l)) 

N „ , 

„=1 V v /(«+l) t H0g(71 + l)^ 



2 " 1 

^ — E 



2tt^ ^(n + lj'ilogfa+l) 
2 



l_ y 1 

4-f fn + 1) 



^ x/2^Io g 2 V2*=47 ^ ( n + l) 2 ' 

In the last line we used that for t ^ 4 we have (n + 1)* = (n + l)*~ 4 (n + l) 4 ^ 
2*" 4 (n + l) 4 . Therefore, 

E ( sup - b^— )<4+ ; 2 V 7 1 - f°°— 2= dt< oo. 
V K 4jvlog(n + l)/ v / 2^1og2^ i (n + l) 2 i 4 v / 2* 34 7 

To prove that T is not 7-radonifying we argue by contradiction. If T is 7- 
radonifying, then the sum X := Yl n >i lnTu n converges in L 2 (Q; cq). The relation 

c ° = U fl {( x n)n^i G c : \x n \ < l} 

implies 

e n p {i7«i 2 ^ io g(«+i)} = E p { n {\x n \^ 

where X n is the n-th coordinate of X. But for N 7 we have log(n + 1)^2 for 
all n ^ N and (4.2) gives 

1 



y/(n + 1) log(n + 1) 



0, 



n p{| 7 „i 2 < io g (n + 1)} ^ n i 1 - -jr 

noting that 

> — ; = 00. 

^ N v /(n + l)log(r l +l) 

This is contradiction concludes the proof. 

5. The 7- multiplier theorem 

The main result of this section states that functions with 7-bounded range act 
as multipliers on certain spaces of 7-radonifying operators. This establishes a con- 
nection between the notions of 7-radonification and 7-boundcdness. 

Definition 5.1. Let E and F be Banach spaces. An operator family 2T C J£(E, F) 
is said to be ^-bounded if there exists a constant M ^ such that 

N 2 1 N „ 1 

(e||^7„T„z„|| ) 2 <M(E||^7„a;„ 

n—1 n—1 

for all AT > 1, all T u T N G S~, and all ai, . . . , x N G E. 
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The least admissible constant M is called the 'j-bound of notation: 7 (^). 
Every 7-bounded family & is uniformly bounded and we have 

sup < 7 (^). 

Replacing Gaussian random variables by Rademacher variables in the above defi- 
nition we arrive at the related notion of R-boundedness. By a simple randomization 
argument, every i?-bounded family is 7-bounded; the converse holds if E has finite 
cotype (since in that case Gaussian sums can be estimated in terms of Rademacher 
sums; see Proposition 2.6). The notion of i?-boundedness plays an important role 
in vector-valued harmonic analysis as a tool for proving Fourier multiplier theo- 
rems; we refer to Clement, de Pagter, Sukochev, Witvliet [24] and the 
lecture notes of Denk, Hieber, Pruss [28] and Kunstmann and Weis [68] for 
an introduction to this topic and further references. 

It is not hard to prove that closure of the convex hull of a 7-boundcd family in 
the strong operator topology is 7-bounded with the same 7-boundcd. From this one 
deduces the useful fact that integral means of 7-bounded families are 7-boundcd; 
this does not increase the 7-bound. 

Let (A, n) be a cr-finite measure space. With slight abuse of terminology, 
a function cf> : A — > S£(E, F) is called strongly measurable if <f>x : A — > F is 
strongly measurable for all x € E. For a bounded and strongly measurable function 
4> : A -> if (if, E) we define the operator T e £f{L 2 (A; H), E) by 

T <t>f '■= / 4>f dn- 

J A 

Note that if <j> is a simple function with values in H <S) E (such a function will be 
called a finite rank simple function), then £ j(L 2 (A; H), E). 

Now we are ready to state and prove the main result of this section, due to 
Kalton and Weis [63] in a slightly simpler formulation. 

Theorem 5.2 (7-Bounded functions as 7- multipliers) . Let (A,s/,/j.) be a a -finite 
measure space. Suppose that M : A ££{E, F) is strongly measurable and has 
j -bounded range ^# := {M(t) : t G A}. Then for every finite rank simple function 
4> : A —> ry(H,E) the operator belongs to 700 (L 2 (A; H ) , F) and 

\\TM<t,\\ lao (L 2 (A-H),F) ^ 7(^0 \\T<j>\\-y(L 2 (A;H),E)- 

As a result, the map M : 1— > Tm<(> has a unique extension to a bounded operator 

M : j(L 2 (A; H),E) -> loo (L 2 (A; H), F) 
of norm \\M\\ ^ r y(^). 

Proof. The uniqueness part follows from the fact that (L 2 (A) <S> H) <E) E is dense in 
~f(L 2 (A;H),E). _ 

To prove the boundedncss of M we let <fi : A — >• H <E) E be a finite rank simple 
function which is kept fixed throughout the proof. Since we are fixing <f> there is 
no loss of generality if wc assume H to be finite-dimensional, say with orthonormal 
basis (h n )n=i- Also, by virtue of the strong measur ability of M, we may assume 
that the cr-algebra si is countably generated. This implies that L 2 (A) is separable, 
say with orthonormal basis (g m ) 
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Step 1 - In this step we consider the special case of the theorem where M is a 
simple function. By passing to a common refinement we may suppose that 

k k 

= E>^> M = J2 1 B j M j , 

3=1 3=1 

with disjoint sets Bj £ &/ oi finite positive measure; the operators Uj G H <g) E are 
of finite rank and the operators Mj belong to Then, 

k 

M(t> = ^t Bj M j U j . 

3=1 

This is a simple function with values in H ® F which defines an operator Tm<i> G 
j(L 2 {A;H),F), and 

k N 



ll T A/0||^ (L 2(A;ff),F) = E | E Yl ri B j) M 3®j h r 
3=1 ™ =1 

fc AT 



< ( 7 (^)) 2 E| E E 7jn0*(£j)*A 
3=1 n=l 

= (7(^)) 2 ||^>ll7(L2(A;fl-),£;)- 

S^ep <? - Let (Aj)j^i be a generating collection of sets in .e/ and let, for all k ^ 1, 
,04 := <r(Ai, . . . , A k ). Define the functions M k : A -> jzf (£?, F) by 

M fc a; := E(Mx|^4). 

Since ^ is a finite cr-algebra, is a simple function. It is easily checked that for 
all / G L 2 (A; iJ) we have T Mk ^f = T M <f>^{f\&?k), and therefore 

lim T Mk 4>f = T M <pf 

k— >oo 

strongly in F. By the 7-Fatou lemma (Proposition 3.18) it follows that Tm<p G 
loo {L 2 {A-H),E) and 



|7 1 M0|| 7oo (L 2 (A;ff),E) ^ liminf \\T M (j,\U(L 2 (A;H),F) ^ 7(^)ll^ll7(L 2 (A ; m,_E)- 
fc— >oo 



□ 



It appears to be an open problem whether the operator M actually takes values 
in 7(L 2 (A; H), E) even in the simplest possible setting A = (0, 1) and H = R. Of 
course, an affirmative answer for Banach spaces E not containing an isomorphic 
copy of Co is obtained through an application of Theorem 4.2. 

We continue with some examples of 7-bounded families. The first two results 
are due to Weis [119]. 

Example 5.3. Let (A, fx) be a cr-finite measure space and let & be a 7-bounded 
subset of J??(E,F). Suppose / : A — > J£(E,F) is a function with the following 
properties: 

(i) the function £ i— > f(£,)x is strongly /i-measurablc for all x G E; 

(ii) we have /(£) G & for /x-almost all £ G A 
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For <P g V-{A) define TJ £ 3?(E, F) by 

Tfx:= [ mf(o*Mo, 



x g E, 




The family ^/ := {TJ : ||0|| x s; 1} is 7-bounded and 7(^7) ^ 7 (^). 
Example 5.4. Let / : (a, 6) — > Jif(E,F) be continuously diffcrcntiable with 

/ ||/'(*)||ds<oo. 



Then 5) := {/(a) : s g (a, 6)} is 7-bounded and < ||/(o)|| + f a \\f'(s)\\ ds. 



The next example is taken from Hytonen and Veraar [53]. A related example, 
where Fourier type instead of type is used and the cotype is not taken into account, 
is due to GiRARDi and Weis [41]. 

Example 5.5. If X has type p and cotype q, then the range of any function / g 
B^[(R d ;3f(X,Y)) is 7-boundcd. Here B^(R d ; Jz? (X, Y)) is the Bcsov space of 
exponents (r, 1, d/r). 

The next example is due to Kaiser and Weis [58] (first part) and Hytonen 
and Veraar [53] (second part). 

Example 5.6. Define, for every h € H, the operator Uh : E , y(H,E) by 

UhX := h <8> x, x g E. 

If E has finite cotype, the family {Uh ■ \\h\\ ^ 1} is 7-boundcd. Dually, define, for 
every h g H, the operator Mh : j(H, E) — > E by 

M h T:=Th, Te 1 (H,E). 

If E has finite type, the family {Mh ■ \\h\\ ^ 1} is 7-boundcd. 

The final example is due to Haak and Kunstmann [44] and VAN Neerven and 
Weis [92] ; it extends a previous result for L p -spaces of Le Merdy [75] . 

Example 5.7. (A,£/,/i) be a c-fmitc measure space, let E have property (a) (sec 
Definition 13.11 below) and let <f> : A Jif(E) be a strongly measurable function 
with the property that integral operators with kernel 4>x belong to 7(L 2 (^4), E) for 
all x g E. For g g L 2 (A) we may define an operator T g g S£(E) by 



T g x ■= g4>x d[i. 
J A 

Then the family {T g : \\g\\L 2 (A) ^ 1} is 7-boundcd. 

This list of examples could be enlarged ad libitum. We refrain from doing so and 
refer instead to the references cited after Definition 5.1. 



Our next aim is to prove that j(H,E) is an operator ideal in Jf(H,E). The 
proof of this fact relies on a classical domination result for finite Gaussian sums in 
E. Although a more general comparison principle for Gaussian random variables 
will be presented in Section 8, we shall give an elementary proof which is taken 
from Albiac and Kalton [1]. 



6. The ideal property 
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Lemma 6.1 (Covariance domination I). Let x\, . . . ,xm and yi, . . . , x/n be elements 
of E satisfying 

M N 

m—l n—1 

for all x* £ E* . Then for all 1 ^ p < oo, 

M N 



E E 



InVr, 



Proof. Denote by F the linear span of {x±, . 
Sf(F*,F) by 



n=l 



N 



Qz* ■■= Y^ Vrt 



z )Vr, 



M 

E 



x mi z l^mi 



, 2/at} in E. Define Q e 



z* e F*. 



The assumption of the theorem implies that (Qz* , z*) ^ for all z* g and it is 
clear that (Q^zjJ) = (Q z 2i z i) f° r au ^li^ £ Since F is finite-dimensional, 
by linear algebra we can find a sequence (xj)^ M+1 in F such that Q is represented 
as 

M+k 

Qz* = Y ( X 3> Z *) X 3> z*eF*. 

j=M+l 



Now, 



M+k 

E 

rn—l 



N 



71=1 



The random variables X := J3 m =i lmX m and y := Xm=i 7n2M have Fourier trans- 
forms 

M+k 

i .T™ . X*^ 



z* e F* 



.JV 



Eexp(— x*)) = exp (— — 

1 ^ 

Eexp(-z(Y,x*)) = exp (- - ^(j/„ 



Hence by the preceding identity and the uniqueness theorem for the Fourier trans- 
form, X and Y arc identically distributed. Thus, for all 1 ^ p < oo, 



Noting that 



M+k 

E E 

m=l 
A/ 

Ell ^ ^ ^Ym x m 
m—l 



N 



Af+fc 

E 



the proof is complete. This inequality follows, e.g., by noting that if X and Y are 
independent F-valued random variables, with Y symmetric, then for all 1 ^ p < oo 
we have E\\X\\P E\\X + Y\\p. Indeed, since X - Y and X + Y are identically 
distributed, by the triangle inequality we have (E||X|| p )p sC ^(E\\X - Y\\ p )p + 
UE\\X + Y\\p)p = (E\\X + Y\\P)r. □ 
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We continue with a result which describes what is arguably the most important 
property of spaces of 7-radonifying operators, the so-called ideal property. It can 
be traced back to GROSS [42, Theorem 5]. 

Theorem 6.2 (Ideal property). Let H and W be Hilbert spaces and E and E' 
Banach spaces. For all S G if(77' , 77), T G 7oo(77, 75), and U G if(75, E') we have 
UTS G 7^(77', 75') and 

\\UTS\\ lx(Hl . E>) < \\U\\\\T\l ME) \\S\\. 

7/T G y(H, E), then UTS G 7(77', E') and 

\\UTS\\ < \\U\\ \\T\\\\S\\. 

Proof. The left ideal property is trivial. Thus the first assertion it suffices to prove 
that if T G 7co(77,75), then TS G 7co(77',75) and \\TS\\^ {H ,, E) < WT^h^SI 

Let (h'j)j =1 be any finite orthonormal system in H'. Denote by 77', H, E the 
spans in 77', H, E of (/^)*=x> (S7^)*=i> ( TSh j)j=i respectively. Then T and S 
restrict to operators T : 77 — > J5 and 5 : if' — > i7 . 

Let (h m )m=i be an orthonormal basis for 77. For all G E* we have 

fe A/ 

2(Tfir^,x*) a = \\S'f*x*\\% < \\s*\\ 2 \\f*x*\\l = ||s|| 2 ^2(Th m ,x*) 2 . 

j=l TO=1 

Hence, by Lemma 6.1, 

k 2 M 9 

E|^ 7j r^;| ^ i|5|| 2 e|| ^ 7m ^ m | < ||5|| 2 ||T|| 7(HiB) . 

j — 1 ?n — 1 

The desired inequality follows by taking the suprcmum over all finite orthonormal 
systems in 77'. 

Next let T G 7 (if, 75) be given. If T G 77 <8> i5 is a finite rank operator, say 
T = £^ =1 /i„ ® x„, then TS = S * h n ® x n belongs to 77' (g) 75. Hence TS* G 

7(77', 75), and by Proposition 3.15 and the estimate above we have ||T5|| 7 ( ff / i£ ;) < 
l|7 1 || 7 (ff,_E)||<S'||- For general T G 7(77,75) the result now follows by approximation. 

□ 

As a first application we show that arbitrary bounded Hilbert space operators 
S G _£f(77i,77 2 ) extend to bounded operators S G if (7(^1, 75), 7(77 2 , 75)) in a 
natural way. 

Corollary 6.3 (Kalton and Weis [63]). Let Hi and H 2 be Hilbert spaces. For 
all S G ££{H\,H2) the mapping 

S :h® x^r Sh® x, h £ Hi, x G E, 

has a unique extension to a bounded operator S G if (7(77^ E), 7(i7 2 , E)) of the 
same norm. 

Proof. For rank one operators T = h <g> x we have ST/i' = [/i, S*/i']a; = TS*h'. 
By linearity, this shows that for all T G 77 ® 75 we have ST = T o S* . The 
boundedness of S now follows from the right ideal property, which also gives the 
estimate ||5|| < ||5||. The reverse estimate is trivial. □ 
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If 5? C ^f(Hi,H-2) is a uniformly bounded family of Hilbert space operators, 
the family 5? C Jz? (7(^/1, E), r y(H2, E)) is uniformly bounded as well. If -E has the 
so-called property (a) (see (see Definition 13.11), then J? is actually 7-boundcd 
(see Section 5 for the definition). This result is due to Haak and Kunstmann 
[44]. 

We continue with two convergence results, taken from Cox and van Neerven 
[26] and van Neerven, Veraar, Weis [88]. 

Corollary 6.4 (Convergence by left multiplication). If E and F are Banach spaces 
and U n ,U <E J£(E,F) satisfy lim„_ i . 00 U n = U strongly, then for all T 6 ^(H^E) 
we have U n T = UT in 7(if, -F). 

Proof. Suppose first that T is a finite rank operator, say T — Sj=i hj ® x j with 
hi, . . . , hk orthonormal in H and x±, . . . , Xk from E. Then 

lim \\U n T - UT\\i (H F) = lim fill V 7j (U n - U) Xj * = 0. 

3=1 

The general case follows from the density of the finite rank operators in j(H,E), 
the norm estimate \\U n T — UT\\ 7 (h,f) ^ li^n — U\\ \\T\\^(h,e), an d the uniform 
boundedness of the operators U n . □ 

Corollary 6.5 (Convergence by right multiplication). If H and H' are Hilbert 
spaces and S n , S <G J^(H\H) satisfy limn-j.oo 5** = S* strongly, then for all T 6 
j(H,E) we have lim I j_ i . 00 TSVi = TS in j(H' ,E). 

Proof. By the uniform boundedness principle, the strong convergence lim n ^ QO S n — 
S* implies sup n>1 \\S n \\ < 00. Hence by the estimate \\T o (S n — S)\\jiH/ t E) ^ 
||T|| 7 ( ffi£ :)||5„ — S\\ it suffices to consider finite rank operators T € 7 (-ff, E), say 

T = Em=i h m ® x m - If h'i, . . . , h' k are orthonormal in H' , then by the triangle 
inequality, 

k „ 1 M k „ 1 



(e|^7,To(5-5„)^ 



3=1 



= (e|| ^^ 7j -[/ lm ,(s-5 n )/ i ;-K 

m— 1 j — 1 
M k 

E ( E ||E^ ■•[h m ,(S-S n )h' j ]x T 
3=1 



E 



m— 1 
M 

\\X. 
m— 1 
A/ 

< E 11* 

m— 1 



3=1 



\S*K 



S n h m \ 



Taking the suprcmum over all finite orthonormal systems in H' , from Proposition 
3.15 we obtain 

M 

\\T o (S - Sn)\\-y(H',E) < E I' 



The right-hand side tends to zero as n — > 00. 
Here is a simple illustration: 



□ 
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Example 6.6. Consider an operator R 6 j(H, E) and let (h n ) n ^i be an orthonormal 
basis for (ker(i?))- L (recall that this space is separable; see the discussion preceding 
Corollary 3.21). Let P n denote the orthogonal projection in H onto the span of 
{hi, . . . , h n }. Then lim^^ RP n = R in j(H,E). 

Corollary 6.7 (Measurability). Let (A,£/,fi) be a a -finite measure space and H 
a separable Hilbert space. For a junction <p ■ A — > j(H, E) define <ph : A — > E by 
(<frh)(t) := (j)(t)h for h G H. The following assertions are equivalent: 

(1) <j) is strongly pi-measurable; 

(2) tfih is strongly fi-measurable for all h € H . 

Proof. It suffices to prove that (2) implies (1). If (/i n ) n >i is an orthonormal basis 
for H, then with the notations of the Example 6.6 for all £ <E A we have 



0(0 = Urn mPn= lim Y}-' h MiOhj, 

3=1 

with convergence in the norm of j(H, E). The result now follows from the measur- 
ability of the right-hand side. □ 

7. Gaussian random variables 

An valued random variable X = (X\, . . . , Xa) is called Gaussian if every 
linear combination X^=i CjXj is Gaussian. Noting that X^=i c j^j = (-^i c ) with 
c = (ci, . . . , Cd), this suggests the following definition. 

Definition 7.1. An £7- valued random variable is called Gaussian if the real- valued 
random variables (X,x*) are Gaussian for all x* EE*. 

Gaussian random variables have good integrability properties: 

Proposition 7.2 (Fernique). Let X a uniformly tight family of E -valued Gauss- 
ian random variables. Then there exists a constant [3 > such that 

sup Eexp(/3||X|| 2 ) < oo. 
XE sc 

Proof. We follow Bogachev [9] and Fernique [37]. 

For each X £ 3C let X' be an independent copy of X. Then X - X' and X + X' 
are identically distributed. Hence, for alH ^ s > 0, 

P{||A|| < s}-¥{\\X'\\ > t} 

X + X 1 i r X-X' 

— II « -Mil— 

{| ||A|| - ||A'|| | < sV2, ||A|| + ||X'|| > tV2} 



(7.1) 



-p{m>«-i}.F{m>^}, 

where in (*) we used that 

sC sv 7 ^ and £ + 7/ > tV2} C > and 77 > ^7=^}- 
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By the uniform tightness of 2£ ', there exists r ^ such that P{||X|| ^ r} ^ | 



for all Then 



_ P{||X|| > r> 1 
°' P{||X|| ^r} " 3' 



Define to := r and t n +i := r + \/2£n for 0. By induction it is easy to check 
that t n = r(l + V2)((Vf) n+1 - 1). Put 

F{\\X\\ >t n+1 } 

OtriA--\ ■= 77, n ^ , Tl ^ U. 

+ P{||X||<r} ' 

By (7.1) and the fact that X and X' are identically distributed, 
P{\\X\\>r + V2t n } f ¥{\\X\\>t n } \ 2 2 

Therefore, a n s$ ajf sC 3~ 2 ™ and P{||X|| > t n } = F{\\X\\ < r} • a n ^ With 
/3 := (l/(24r 2 ))log3 we have, for any l€ J, 



Eexp(/3||X|| 2 ) <P{||X|| ^t }-exp(/3< 2 ) + ^P{i„ < \\X\\ ^ t n+1 } • exp(/?i 2 +1 ) 

n^O 

< exp( £ r 2 ) + ^ i cxp(/3r 2 (l + V2) 2 ((V2)"+ 2 - l) 2 ) 



3 2 

n>0 



< exp(er 2 ) + ^ cxp(V - log 3 + 4^r 2 (l + y/if 

where we used that to — r and 4(1 + V2) 2 < 24. By the choice of j3, the sum on 
the right-hand side if finite. □ 

It is known that 

Eexp(^||X|| 2 ) < TO 

if and only if a 2 > a x , where 

o\ = sup E\(X,x*)\ 2 

||x*||<l 

is the weak variance of X; see MARCUS and Shepp [80] and Ledoux and Tala- 
GRAND [76, Corollary 3.2]. 

Fernique's theorem (or rather the much weaker statement that E||X|| 2 < oo) 
allows us to define the covariance operator of a Gaussian random variable X as the 
operator Q € &(E*,E) by 

Qx* := E{X,x*)X. 

Noting that K(X, x*) 2 = (Qx*,x*), the Fourier transform of X can be expressed in 
terms of Q by 

Eexp(-i{X,x*)) = exp(-i(Qa;*,a;*». 

If T € "f{H, E) is a 7-radonifying operator and W is an if-isonormal process, 
then W(T) is a Gaussian random variable. We shall prove next that every Gaussian 
random variable X : £1 — > E canonically arises in this way. To this end we define 
the Hilbcrt space Hx as the closed linear span in L 2 (f2) of the random variables 
(X,x*). The inclusion mapping Wx '■ Hx —> L 2 (Q) is an isonormal process. 
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Theorem 7.3 (Karhunen-Loeve). Let X be an E-valued Gaussian random vari- 
able. Then the linear operator Tx '■ Tlx — > E defined by 

T x (X,x*) :=E(X,x*)X, 

is bounded and belongs to j(Hx, E), and we have 

Wx(T x )=X. 

Proof. For all x* , y* <E E* we have 

|(rx(X,x*), 2/ *)KE|(X,.x*)(X, 2/ *)K||(X,x*)|U 2( o)||(X,jy*)|| L2(n) 

= \\(X,x*)\\ Hx \\(X,y*)\\ LHn) M x \\(X,x*}\\ Hx \\y% 

where Mx is the norm of the bounded operator from E* to L 2 (il) defined by x* H> 
(X,x*). This proves that Tx is a bounded operator of norm || Tx 1 1 ^iWj. To prove 
that T x G j(H x ,E) we check the assumptions of Theorem 3.22: for all x* € E* 
we have T x x* = (X,x*) and therefore W x (T x x*) = W x {(X,x*)) = (X,x*). □ 

These results are complemented by the next characterisation of 7-radonifying 
operators in terms of Gaussian random variables. 

Theorem 7.4. For a bounded linear operator T G ^{H, E) the following are 
equivalent: 

(1) Te 7 (H,E); 

(2) there exists an E-valued Gaussian random variable X satisfying 

E(X,x*) 2 = ||T*x*|| 2 , x*EE*. 
In this situation we have H^IOjy m = E||X|| 2 . 

Proof. (1)=>(2): Take X = W(T), where W is any iJ-isonormal process. 

(2)=>(1): Let G be the closure of the range of T* inH. Then W(T*x*) := (X,x*) 
defines a G-isonormal process, and Theorem 3.22 implies that T £ ^{G^E). Since 
T = on G 1 - it follows that T e j(H, E). 

To prove the final identity we note that for all x* S E* we have E(W(T), x*) 2 = 
E(X, x*) 2 . This implies that the Gaussian random variables W(T) and X are 
identically distributed. Therefore by Proposition 3.9, Ej|X|| 2 = E||W-"(T)|| 2 = 

\\n 2 1{G , E) = \\n 2 liH ,Ey □ 

8. COVARIANCE DOMINATION 

Our next aim is to generalise the simple covariance domination inequality of 
Lemma 6.1. 

We begin with a classical inequality for Gaussian random variables with values 
in R d due to Anderson [2] . The Lebesgue measure of a Borel subset B of M. d is 
denoted by \P>\. 

Lemma 8.1. If C and K are symmetric convex subsets ofM. d , then for all x £M. d 
we have 

\(C~x)DK\ \Cr\K\. 
Proof. By the Brunn-Minkowski inequality (see Federer [36, Theorem 3.2.41]), 
\\{C + x)r\K+\[{C-x)^K]\T. > \\{C + x)r\K\^ + \\{C-x)r\K\Tt. 
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Now (C-x)C\ K = -[(C + x)n K] and therefore |(C — x)tl K\ = |(C + x) n #|. 
Plugging this into the estimate and raising both sides to the power d we obtain 

\\{c + x)nK + \[{c - x)nK\\ > \{C-x)r\K\. 

Since \[{C + x)f\K] + \[{C -x)HK] C CHA'this gives the desired inequality. □ 

Recall our convention that Gaussian random variables are always centred. 

Theorem 8.2 (Anderson). Let X be an M. d -valued Gaussian random variable 
and let C C R d be a symmetric convex set. Then for all x G M. d we have 

P{X + x g C} s$ P{X g C}. 

Proof. If K is symmetric and convex, then by the lemma, 

/ lc-x{y)l K (y)dy4 ( l c (y)l K {y)dy. 

Approximating y > exp(— ^y 2 ) from below by positive linear combinations of in- 
dicators of symmetric convex sets, with monotone convergence we conclude that 

p{x + xeC} = ^L= [ i c ~Ay)cM~h\y\ 2 )dy 



^_L=/ l c (y)exp(-i|y| 2 )dy = P{XGC}. 

□ 



As an application of Anderson's inequality we have the following comparison 
result for E- valued Gaussian random variables (see Neidhardt [93, Lemma 28]). 

Theorem 8.3 (Covariance domination II). Let X\ and Xi be Gaussian random 
variables with values in E. If for all x* € E* we have 

E(Ai,.t*) 2 E(A 2 ,.t*) 2 , 

then for all closed convex symmetric sets C in E we have 

Pi{X! g C} < P 2 {X 2 £ C}. 

Proof. We proceed in two steps. 

Step 1 - First we prove the theorem for E = M. d . Let Qi and Q2 denote the 
covariance matrices of X\ and Xi- The assumptions of the theorem imply that 
the matrix Q2 — Qi is symmetric and non-negative definite, and therefore it is the 
covariance matrix of some Gaussian random variable A3 with values in ~R d . On 
a possibly larger probability space (Cl,^,P) let Xj be independent copies of Xj. 
Then Xi + A3 has covariance matrix Q\ + (Q2 — Qi) — Q2- Hence, by Fubini's 
theorem and Anderson's inequality, 

P{A 2 6C} = P{X 1 + A 3 G C} ^ P{X 1 G C*}. 

Step 2 - We will reduce the general case to the finite-dimensional case by a 
procedure known as cylindrical approximation. Let Ai and A 2 be Gaussian random 
variables with values in a real Banach space E. By strong measurability, Ai and 
A 2 take their values in a separable closed subspace of E almost surely and therefore 
we may assume that E itself is separable. 

For each u G CC there exists an clement x* u £ E* such that (u,xl) > 1 and 
(x, £*) ^ 1 for all x G C. Since C is symmetric, we also have —(a;, a;*) ^ 1 for all 
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x G C. Choose balls B u with centres u such that > 1 for all v G B u . The 

family {B u : u G CC} is an open cover of CC and by the Lindelof property of E it 
has a countable subcover {B Un : n 1}. Let us write £?„ := B Un and x* := x* . 
Put 

C N := {x G £ : K«,<)| < 1, n = l,...,JV} > AT ^ 1. 
Each Cat is convex and symmetric, we have C\ 3 C2 2 • • • and, noting that u ^ Cat 
for all u G Bat, Da^i Cat = C- 

Define R^-valucd Gaussian variables by ^ := T^Xj for j = 1,2, where 
T : i? — > JEe* is given by Tjy^ : = ((z, ^i), • • • 7 (^j ^jv))- The covariances of X/,at are 
given by T^QjT^, and for all £ G we have 

(TnQxT^O = Qi/'vi./'vi • (QiT^T^) = (T N Q 2 T* N ^0- 
Hence, by what we have already proved, 

F{X 2 G C N } = P{X 2 , W G [-1, 1} N } ¥{X hN G [-1, 1]"} = P{Xi G C N }. 
Upon letting AT ->• 00 we obtain P{X 2 E C} ^ P{Xi G C}. □ 

Corollary 8.4. Let X\ and X 2 be Gaussian random variables with values in E 
and assume that for all x* G E* we have 

E(X u x*) 2 sC E(X 2 ,x*) 2 . 

Suppose 4> : E — > [0, 00) is lower semi- continuous, convex and symmetric. Then, 

E0(Xi) ^Ecj)(X 2 ). 

Proof. By the assumptions of </>, for each r ^ the set C r := {x G E : <fi(x) ^ r} 
is closed, convex and symmetric. Therefore, by Theorem 8.3, 

P{^(Xi) < r} = ¥{X 1 G a} ^ P{^ 2 G a} - P{0(^ 2 ) < r}. 

Hence, 

/>oo />oo 

E(f)(X 1 )= ¥{<f>(Xi) > r} dr < / P{0(X 2 ) > r}dr = E0(X 2 ). 
Jo Jo 

□ 

In particular we obtain that E||Xi|| p ^ E||X 2 || P for all 1 p < 00; this extends 
Lemma 6.1. 

Our next aim is to deduce from Theorem 8.3 a domination theorem for Gaussian 
covariance operators (Theorem 8.8 below). The proof is based on standard repro- 
ducing kernel Hilbert space arguments; classical references are Aronszajn [3] and 
Schwartz [108]. We have already employed reproducing kernel arguments implic- 
itly with the introduction of the space Hx in the course of proving Theorem 7.3. In 
the absence of Gaussian random variables X, a somewhat more abstract approach 
is necessary. 

The starting point is the trivial observation that covariance operators Q G 
Jt?(E*,E) of -E-valued Gaussian random variables are positive and symmetric, i.e., 
(Qx*,x*) ^ for all x* G E* and (Qx*,y*) = (Qy*,x*) for all x*,y* G E*. 

Now let Q G Jz?(E*,E) be an arbitrary positive symmetric operator. On the 
range of Q, the formula 

[Qx*,Qy*] HQ := (Qx*,y*) 
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defines an inner product [-,-]h q - Indeed, if Qx* = 0, then [Qx*, Qy*]H Q = 
(Qx*,y*) = 0, and if Qy* = 0, then [Qx* ,Q V *] Hq = (Qx* ,y*) = (Qy*,x*) = 
by the symmetry of Q. This shows that [-,-]_ff Q is well defined. Moreover, if 
[Qx* , Qx*]h q = (Qx*,x*) = 0, then by the Cauchy-Schwarz inequality we have, 
for all y* £ E* , 

\(Qx*,y*)\ s; (Qx*,x*)i(Qy*,y*)? = 0. 

Therefore, Qx* = 0. 

Let Hq be the real Hilbert space obtained by completing the range of Q with 
respect to [ • , ■ ] h q ■ From 

\\Qx*\\ 2 Hq = (Qx*,x*) = \(Qx*,x*)\ < IIQH^.^H^ir 

1 

we see that Q is bounded from E* into Hq, with norm ^ eY ^ VOTa 

\(Qx*,y*)\ < \\Qx*\\ HQ \\Qy*\\ HQ ^ \\Qx*\\ Hq \\Q\\w,h q )\\v*\\ 
it then follows that 

IIQ^II ^ \\Q\\j2(e-,h q )\\Qx*\\h q - 
Thus, the identity mapping Qx* t— > Qx* on the range of Q has a unique extension 
to a bounded linear operator, denoted by iq, from Hq into E and its norm satisfies 

IMI < \\Q\\^{E*,H Q y _ 

The pair (iq,Hq) is the reproducing kernel Hilbert space (RKHS) associated 
with Q. 

Remark 8.5. In the special case where Q is the covariance operator of an _E-valued 
Gaussian random variable X , then Hq and the space Hx introduced in the proof 
of Theorem 7.3 are canonically isometric by means of the mapping i*qX* (X, x*). 

The next proposition has its origins in the work of GROSS [42, 43]; see also 
Baxendale [6], Dudley, Feldman, Le Cam [34], Kallianpur [59], Kuelbs 
[64], and Sato [107]. 

Proposition 8.6. Let («q, Hq) be the RKHS associated with the positive symmetric 
operator Q £ JC(E* , E) . The mapping iQ : Hq — > E is injective and we have the 
identity 

Q = iQ° i*Q- 

As a consequence, Q is the covariance operator of an E-valued Gaussian random 
variable X if and only if iQ £ "/(Hq, E). In this situation we have 

E||X|| 2 = |MIW£)' 

Proof. Given an element x* £ E* we denote by h x * the element in Hq represented 
by Qx* . With this notation we have iQ(h x *) = Qx* and 

[h x *, h v *] HQ = (Qx*,y*). 

For all y* £ E* we then have 

[h x *, h r ] HQ = (Qx*,y*) = (i Q (h x ,),y*) = [h x * , i Q y*]n Q ■ 

Since the elements h x * span a dense subspace of Hq it follows that h y * = i*Qy* ■ 
Therefore, 

Qy* = «q(V) = iQ^hv*) 
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for all y* G E* , and the identity Q = iq o Vq follows. Finally if iQg = for some 
g G Hq, then for all y* G E* we have 

[9,K*\h q = [g,i* Q y*]H Q = (iQ9,y*) = o, 

and therefore 5 = 0. This proves that iq is injective. □ 

For an interesting addendum to the second part of this theorem we refer to 
Mathieu and Fernique [81]. Using a deep regularity result for Gaussian processes 
due to TALAGRAND, they prove that if Q G Jf(E*,E) is positive and symmetric, 
then iq G j(H, E) if and only if there exists a sequence (/i n )n^i m H such that the 
following two conditions are satisfied: 

(i) lim^oo ||ft„|| 2 logn = 0; 

(ii) \\iQh\\ ^ sup n5sl | [ft, h n }\ for all he H. 

Proposition 8.7. IfQ,Re J??(E*,E) are positive symmetric operators such that 

(Rx*,x*) ^ (Qx*,x*), x* G E* , 

then as subsets of E we have iR(Hft) C iq(Hq), and this inclusion mapping induces 
a contractive embedding Hr <— » Hq. 

Proof. By the Cauchy-Schwarz inequality, for each x* G E* the mapping iqy* i— > 
(R*x*,y*) extends to a bounded linear functional (f> x * on _//q of norm ||</> K »|| S* 
||ijja;* || . By the Riesz representation theorem there exist a unique element h x * G Hq 
such that [i* Q y*,h x *] = (Rx*,y*) for all y* <E E* . Then 

(iQh x *,y*) = (Rx*,y*) = (i R i* R x* ,y*). 

This shows that iqH x * = irVrX* . The contractive embedding Hr <— > Hq we are 
looking for is therefore given by i* R x* i— > ft K * . □ 

Theorem 8.8 (Covariance domination III). Let Q G Jff(E*,E) be the covariance 
operator of an E -valued Gaussian random variable X . Let 8? be the set of positive 
symmetric operators R G Jtf(E*,E) satisfying 

(Rx*,x*) ^ (Qx*,x*), x* G E* . 

Then each i? G 8£ is the covariance operator of a E-valued Gaussian random vari- 
able Xji and the family {Xr : R G is uniformly tight. Moreover, for all R G 8% 
and all 1 p < oo we have 

mX R \\ p s$ E\\X\\ p . 

Proof. By the second part of Proposition 8.6 we have iq G j(Hq,E). By the 
right ideal property, for all R G S% we have ir = iq o irq g j(Hr,E), where 
i>R,Q '■ Hr ^-j> Hq is the embedding of Proposition 8.7. Hence by the second part 
of Proposition 8.6 there exists an i?-valued Gaussian random variables Xr with 
covariance operator R. 

Let e > be arbitrary and fixed, and choose a compact set K C E such that 
P{X G K} ^ 1 — e. By replacing K by its convex symmetric hull, which is still 
compact, we may assume that K is convex and symmetric. In view of 

E(X R ,x*) 2 = (Rx*,x*) (Qx*,x*) = E(X,x*) 2 , 

from Theorem 8.3 we obtain that ¥{X R G K} > ¥{X G K} ^ 1 - e. □ 
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9. Compactness 

Recall that a sequence of E- valued random variables (X n ) n ^i is said to converge 
in distribution to an i?-valued random variable X if lim„_ i . 00 Ef(X n ) = Ef(X) 
for all / <E Ch{E) (see Section 2). As it turns out, it is possible to allow certain 
unbounded functions /. 

Lemma 9.1. Let {X n ) n ^i be a sequence of E -valued random variables converging 
in distribution to a random variable X. Let (f> : E — > [0,oo) be a Borel function 
with the property that 

sup E(j)(X n ) < oo. 

Lf f : E — > K is a continuous function with the property that 

\f(x)\ < c(\\x\\)4>(x), x£E, 
where c(r) J, as r — > oo, then 

lim E/(X„) = Ef(X). 

n— > oo 

Proof. Put 

f i?, if /(z) > i?, 

/*(*) := < /(a), if - i2 < /(a) «S R, 
{ -R, iif R (x)<-R, 

Then f R £ C h {E) and 

(9.1) lim Ef R (X n ) = Ef R (X). 



lim (supE|/(X n )-/ fl (X„)| < lim (supE(l { | /(x „ ) | >iJ} |/(X„)|) 



We also deduce that 
(9.2) 
where 



< lim c(5(R))supE(l {lKXn)l>R} 4>(X n )), 



6(R) := sup{<5 $s : |/(a?)| < R for all < 5}. 

From limfl^oo S(R) = oo we see that the right-hand side of (9.2) tends to as 
R oo. Combined with (9.1), this gives the desired result. □ 

The main result of this section gives a necessary and sufficient condition for 
relative compactness in the space j(H,E). In a rephrasing in terms of sequential 
convergence in *y(H,E), this result is due to Neidhardt [93]. 

Theorem 9.2. Let W be an H-isonormal process. For a subset ST of "/(H, E) the 
following assertions are equivalent: 

(1) the set is relatively compact in ^(H^E); 

(2) the set {W(T) : T £ .¥} is relatively compact in £ 2 (ft;E); 

(3) the set {W(T) : T £ is uniformly tight and for all x* £ E* the set 
{T*x* : T £ is relatively compact in H . 

Proof. (1)^(2): This is immediate from the fact that W is isometric. 

(1)=^(3): By the continuity ofT^ T*x*, {T*x* : T £ £7} is relatively compact 
in H. It remains to prove that the set {W(T) : T £ ,5?} is uniformly tight. For 
this it suffices to prove that every sequence in this set has a subsequence which is 
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uniformly tight. Let (T„)„^i be a sequence in & and set X n := W(T n ). By passing 
to a subsequence we may assume that (T„) n ^i is convergent in j(H,E). 

We shall prove that the sequence (A„)„^i is uniformly tight. Fix e > and 
choose too > 1 so large that 2 2_2m ° < e. For every m ^ too we choose iV m ^ 1 so 
large that 

\\T n - T Nm \\ y{HtE) ^ 2~ 2m Vn > 7V m . 
Let X„ iTO := W(T n — TV m ). By Chebyshev's inequality, for n ^ AT m we have 
P{||*«,m|| > 2-" 1 }) 5=: 2 2m E\\X n , m \\ 2 = 2 2m \\T n - T Nm \\ 2 (HE) sC 2" 2m . 
For to ^ Too we also choose compact sets K m C A such that 

F{X n G K m } 2 1 - 2- 2m , lsC?i^7V m , 
and let l/ m := {ie£: d(x, K m ) < 2~ m }. For n ^ iV m we have 
HXn $ V m } < P{||X„-X^ m || ^ 2- m }+P{XAT m £ AT m } < 2 - 2ro + 2- 2 ™ = 2 1 - 2 " 1 . 
On the other hand, for 1 sC n ^ A^ m we have 

HXn # V m } sC P{A n g A m } < 2" 2m < 2 1 - 2 " 1 . 

It follows that the estimate P{A„ ^ y m } ^ 2 1 ~ 2m holds for all n > 1. 
Let 

A':= f) V m . 

If finitely many open balls B(xi, 2~ m ) cover K m , then the open balls B(xi, 3 • 2~ m ) 
cover V m . Hence K is totally bounded and therefore compact. For all n 1, 

P{A„ £ A"} s$ ^ ¥{X n £ y m } sC ^ 2 1 - 2 '" < 2 2 ~ 2mo < e. 

m^mo m^mo 

This proves that (X n ) n ^i is uniformly tight. 

(3)=>(1): Let (T„)„j>i be a sequence in ?7 . We must show that its contains a 
Cauchy subsequence. 

Choose a separable closed subspacc Ao of A such that each X n = W(T n ) takes 
values in Ao almost surely. Noting that the weak* -topology of the closed unit ball 
in Aq is metrisable, we can choose a sequence {x*)j^i in A* whose restrictions to 
Ao are weak*-dense in the closed unit ball of Aq. After passing to a subsequence we 
may assume that for all j > 1 the sequence (T*x*)j^i converges in H and that the 
sequence (X n ) 

n^i converges in distribution. We claim that lim n5m ^ 00 X n X m — 
in distribution. To see this fix arbitrary sequences — > oo and to^ — > oo. After 
passing to a subsequence of the indices k we may assume that {X nk — X mk )k^\ 
converges in distribution to some Ao-valued random variable Y. Taking Fourier 
transforms we see that for all j ^ 1 , 

Eexp(— i(Y, x*}) = lim Eexp(— i(X n — X m x*)) 

= j^exp^lllT^a;* - T* nk x*\\) = 1. 

It follows that exp(— i(Y, x*)) = 1 for all x* G A*, and therefore F = by the 
uniqueness theorem for the Fourier transform. This proves the claim. 
Thus, for all / G Cb(A) we obtain 

lim Ef(X n - X m ) = E/(0). 
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By Lemma 9.1 combined with Proposition 7.2 and Theorem 7.4, 

lim \\T n -T m \\ 2 , HE) = lim E\\X n - X m f = 0. 

m,n— J-oo ' y ' * m,n— >oo 

□ 

Here is a simple application: 

Theorem 9.3. Let 3~ be a subset ofJ/f(H,E) which is dominated in covariance 
by some fixed element S G 7(-ff, E), in the sense that for all T G S? and x* G E* , 

\\T*x*\\ \\S*x*\\. 

Then the following assertions are equivalent: 

(1) the set Sf is relatively compact in ^(H^E); 

(2) the set {T*x* : T G is relatively compact in H for all x* G E* . 

Proof. By Theorem 8.8 the family {W(T) : T G 3?} is uniformly tight and therefore 
the result follows from Theorem 9.2. □ 

Corollary 9.4 (7-Dominated convergence). Suppose limn^oo T*x* = T*x* in H 
for all x* G E* . If there exists S G "f{H, E) such that 

0< \\T*x*\\ H ^ \\S*x*\\„ 
for all n ^ 1 and x* G E* , then lim„_ s . 00 T n = T in j(H, E). 

10. Trace duality 

In this section we investigate duality properties of the spaces ^(H^E). As we 
shall see we have a natural identification ("f(H, E))* = ^(H, E*) if E is a iC-convex 
Banach space. In order to define the notion of if-convexity we start with some 
preliminaries. 

For a Gaussian sequence 7 = (jn)n^i we define projections irjj in L 2 (fl; E) by 

N 

(10.1) n^X :=^ 7 „E( 7 „X). 

n=l 

Identifying L 2 (f2; E*) isometrically with a norming subspace of (Z 2 (fi; E))* , for all 
X* G L 2 {tt;E*) we have 

N 

(10.2) (nlyX* = J2lnninX*). 

71=1 

Lemma 10.1. // 7 = (7„)„j»i and Y = {^' n )n^i are Gaussian sequences, then for 
all N ^ 1 we have 

IKIIHK'll- 

Proof. Define the bounded operator ttm on L 2 (Q; E) by 

A 

(10.3) n N X := £ InHlnX), X G L 2 (ft; £). 

n=l 

On the closed subspace L 2 (ft;i?*) of (L 2 (f2; i?))*, the adjoint operator is given 

by 

N 

(10.4) 7T^X* = ^7nE(7;^*), **GL 2 (ft;iT). 

n=l 
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Now let X £ L 2 (£l; E) be given. Given e > choose Y* £ L 2 (£l; E*) of norm one 
such that (1 + e)\(ttnX, Y*)\ IKatAH^q.^;). Then, first comparing (10. f) and 
(10.3), and then (10.2) and (10.4), 

hlX\\ L 2 in . E) = \\n N X\\ L 2 in . E) <; (l + e)\(n N X,Y*)\ 

= (l + s)\{X,n* N Y*)\ 

^ (1 + £)\\X\\ L 2 {n . E) \\Tr* N Y*\\ L 2( n . E *> ) 

= (l + e)||Jf|| ilW) ||(7r^)*y*|| £a(n;B . ) 

< (l + e)\\iri\\\\X\\ L 2 {n . Ey 

Since e > was arbitrary this shows that \\irjf\\ ^ 1 1 jv" 1 1 - By reversing the roles of 



7 and 7' we also obtain the converse inequality ||7r^|| ^ ||7r 7 



AM 



□ 



This allows us to define 



K N (E) := \\if 



AM 



Clearly, the numbers Ajv(F) are increasing with N. 
Lemma 10.2. For any closed norming subspace F of E* we have 
2 



N 



n=l 

<a£(f) su P {|£ 



N 2 

c^eF, e||£ 7 „<| 



Proof. Put X := X) n =i Jn x n- Since i 2 (J7; F) is isometric to a norming closed sub- 
space of (L 2 (Q; E))* , given e > we may choose X* £ L 2 (J7;F) of norm one 
such that (1 + e)\(X,X*)\ ^ || Aj| L 2 (n . B) . Noting that ttJjX = X and putting 
x* n := E(7„X*) we obtain 

IWIlw) < U + ^IPWI = (l + e)l«*,**>l 

n 

= (1 + £ )|(X, (^)*X*)| = (1 + £ )| £(*„,*; 

n=l 

Since e > was arbitrary, the proof is concluded by noting that x* n £ F and 

N „ N 



E £ 



7^i 



E £7nE(7n^' 



n=l 



qi(^rx*n^ii^n 2 = A^(F) 



□ 



Definition 10.3. A Banach space F is called A -convex if 



A(F) := sup Aat(F) 

AT>1 



is finite. 



Closed subspaces of A-convex spaces are A-convex. The next result shows that 
A-convexity is a self-dual property: 

Proposition 10.4. A Banach space E is K-convex if and only if its dual E* is 
K -convex, in which case we have A(F) = A(F*). 



40 



JAN VAN NEERVEN 



Proof. The identity (10.2) shows that (t^-)* = 77 n ■ As an immediate consequence 
we see that if E is A-convex, then E* is if -convex and K (E) = K(E*). If E* is K- 
convex, then E** is if-convex, and therefore its closed subspace E is if -convex. □ 

The notion of if -convexity has been introduced by Maurey and Pisier [82] and 
was studied thoroughly in Pisier [101, 102]. Usually this notion is defined using 
Rademacher variables rather than Gaussian variables. In fact, both definitions are 
equivalent. In fact, one may use an argument similar to the one employed in Lemma 
10.1 to pass from the Gaussian definition to the Rademacher definition, and a 
central limit theorem argument allows one to pass from the Rademacher definition 
to the Gaussian definition. For the details we refer to Figiel and Tomczak- 
Jaegermann [38] and Tomczak-Jaegermann [117]. 

Example 10.5. Every Hilbert space E is A-convex and K(E) = 1. 

Example 10.6. Let (A,&f,n) be a cr-finite measure space and let 1 <p < 00. Then 
L P (A) is A-convex, and more generally if E is A-convex then then L P (A;E) is 
if -convex and 



K(LP(A;E))^ 



IC 2 K{E), if2s:p<oo, 



i = l 

g 



Here if £ a and Aj 2 



Kl 2 K(E), ifKp^andl 

are the Gaussian Kahanc-Khintchinc constants. 
First let 2 ^ p < 00. The projections defined by (10.1) in E and L P (A; E) will be 
denoted by njj and ttZ.' L , respectively. For X € L? (O; LP (A; E)) we obtain, 
using Jensen's inequality, Fubini's theorem, the Kahanc-Khintchine inequality, and 
the A-convcxity of E. 



Elk 



1,L"(A-E) 
N 



Lp(A;E) 



= E 



N 



r N p - 

(E / ||5>nE(7»*(0)|| dfx(0Y 
J A n=l 

0. N 
(e 5>«E( 7 „*(0) ' 
A — 1 

(E||X(0|| 2 ) f dp{t) 



dm 



< (Kh) \ 

< (Kh) 2 \ 



^ii 2 
^1 



x(0\\ 2 



L2(A) 



E 



1/2 (A) 

X(0\\ p dp(0 



\X\\lp(A;E)- 



This proves the result for 2 ^ p < 00. 

Next let 1 < p < 2. We can identify (L q (A; E*)) isomctrically with a closed sub- 



space of (LP {A; E))*, § 



1. Since E* is A-convex, by what we just proved the 



space L q (A\ E*) is A-convex. Hence L P (A\ A), being isometrically contained in the 
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dual of L*(A;E*), is A-convex, and K(L P (A; E)) < K(L q (A; E*)) K^ 2 K(E*) = 
Kl 2 K(E*). 

Example 10.7. The space Co fails to be A-convex. To see this, let (7 n )n>i be a 
Gaussian sequence and let {u n ) n ^i be the standard basis of cq. Set 

JV 

X N := £ sgn(7„)u„. 

n=l 

We have \\X N \\ L 2 {n . co) = 1 and E(-f n X N ) = E\j n \u n = ^fiF]2u n , so 

jv 



n=l 



Arguing as in Example 4.4, the right hand side can be bounded from below by a 
term which grows asymptotically like log A. It follows that || 71^11 ^ Clog AT. 

A deep theorem of Pisier [101] states that a Banach space E is A-convex if and 
only if E has non-trivial type (the notion of type is discussed in the next section). 
The following simple proof that every Banach space with type 2 is A-convex was 
given by Blasco, Tarieladze, Vidal [8]; see also Chobanyan and Tarieladze 
[19] and Maurey and Pisier [82]. 

Proposition 10.8. If E has type 2, then E is K -convex and A 7 (A) ^ A7(A). 

Proof. Let X = X^=i ^^j x j be simple, with the measurable sets H,j disjoint and of 
positive probability. Let yj := y/~P(Tlj)xj, so 

k 

E||A|| 2 = £|| % || 2 

3=1 

and 

k 

3=1 

Let z n := E(7„A). Then, by the orthonormality of Gaussian sequences in L 2 , 

N N k 

J> n ,.T*) 2 = ]T E( 7n (A, ; x*)f ^E(X,x*) 2 =£(%,; 

n—l n—1 J — 1 

Hence by covariance domination, 



2 k 



2 



E||7T^A|| 2 =E|£ 7rl z rl <E|5^ 7i y. 

n=l k=l 
k 

^ (T2(E)fJ2h3\\ 2 = (T2(E)) 2 n\X\\ 2 - 

3=1 

It follows that 1 1 7r^|| ^ T 2 {E). Since N ^ 1 was arbitrary this gives K(E) < 
EJ{E). □ 

The next result is essentially due to Pisier [102]; its present formulation was 
stated by K ALTON and Weis [63]. It describes a natural pairing between -f(H,E) 
and 7 (A, A*), the so-called trace duality. 
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Theorem 10.9 (Trace duality). For all T g H ® E and S g H ® E* we have 

MS*T)\ < ||T|| 7(ffiS) ||S|| 7(if)B ,). 

yls a consequence, for all S £ ^{H,E*) the mapping (f>s : T i— > tr(S'*T) defines an 
element <ps g ("i(H, E))* of norm 

\\4>S\\ < \\Sh(H,B')- 

If E is K -convex, the mapping <f> : S ^ (ps is an isomorphism of j(H, E*) onto 
(j(H,E))* and 

\\S\\^ En ^K(E)U s \\. 

Proof. For the proof of the first assertion we may assume that T = Xm=i ^« ® 
and 5 = Xm=i ^ n ® x n w ith fti, . . • , /ijv orthonormal in 7?. Then, 

AT AT Ar 

|tr(S*T)| = tr ^(a: m! a;*)/i OT ® /i„ = ^(x„,x* 



m—1 n— 1 

AT 



AT 



= p( J! Tmlm,^7n<) < 1 1 ?1 1 7 ( ff)£ ) 1 1 S\ | 7 (ff . 
m—1 n— 1 

Lemma 10.2, applied to the Banach spaces A* and the norming subspace A C E** , 
shows that 

\\S\\ l{H ,E>) < sup{|tr(S*T)| : ||T|| 7(H , B) < l} = A' (A)||<fe||. 

This shows that </> is an isomorphic embedding of 7(A, A*) into (^(H, E))* . 

It remains to prove that <f> is surjective. To this end let A g {j(H, E))* be given. 
We claim that the bounded operator S : H — s- E* defined by (x, Sh) = (h <8 x, A) 
belongs to -f(H,E*) and that S = A in ("j(H, E))* . Fix any finite orthonormal 
system (h n )^ =1 in H. By Lemma 10.2, applied to E* and the norming subspace 
E C A**, 



N 



N 



E ^tA sCA 2 (£) sup £(a: n ,S/i n ; 



n=l 
N 



K 2 (E) sup ® A) = A 2 (A)||A|| 



Example 10.7 shows that a A-convex subspace cannot contain an isomorphic copy 
of Co, and therefore an appeal to Theorem 4.3 finishes the proof. □ 

Our final result relates the notion of A-convexity to isonormal processes. 

Theorem 10.10. Let E be K -convex and let W : H — > L 2 (VL) be an isonormal 
process. The closure of the range of the induced mapping W : j(H, E) —> L 2 (fl; E) 
is the range of a projection P w in L 2 (fl; E) of norm \\P || A (A). 

Proof. Let (h^i^j be a maximal orthonormal system in H. We claim that the 
projection Pw is given as the strong operator limit lim jPj', where 

PfX :=5>E( 7j X), 
je.J 

with 7j = W(hj). Here the limit is taken along the net of all finite subsets J of I. 
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To see that the strong limit exists, recall that every X € L 2 {Q,\E) can be ap- 
proximated by simple functions of the form X = "^2 n =N ® x n . By the uniform 
boundedness of the projections Pj^ and linearity it suffices to show that the limit 
limj Py X n exists for each X n := 1a„ ® x n . But in L 2 (f2), the limit lim,/ PY^-A n 
exists by standard facts about orthogonal projections in Hilbert spaces. 

sC K{E) for all finite subsets J C I we infer ||P W '|| s$ K{E). □ 



From | jP] 17 ' | 



11. Embedding theorems 



L 2 (VL) is an isonormal 



As we have seen in Example 3.6, if W : L 2 ( 
process, then the induced isometric mapping 

W : 7(L 2 (M+; P), E) -> L 2 (ft; E) 

can be interpreted as a stochastic integral. Indeed, the stochastic integral of the 
P (g> P-valued function / ® (ft ® ar) can be defined by 



/ <g> (ft ® a) := ® ft) <8 x), 



and this definition extends by linearity to functions cf> G L 2 (M. + ) ® (P i 
isometric property of the induced mapping IF then expresses that 

2 



P). The 



E 



>dW 



where T : L 2 {1 



— \\T<t>\\ y (L 2 (n. + ;H),E)i 

(H®E) -> (i 2 (K+) (8> P) <g> P is the linear mapping 

T(/ <g) (ft ® a;)) := (/ g> ft) ® a;. 

Since (P 2 (M+) £g> P) <8> P is dense in 7(L 2 (R + ; P), P), the stochastic integral has 
a unique isometric extension to r y(L 2 (R + ; P), P). It is therefore of considerable 
interest to investigate the structure of the space 7(L 2 (K+; P), P). In this section 
we shall prove various embedding theorems which show that suitable Banach spaces 
of 7(P, P)-valued functions embed in 7(L 2 (R + ; P), P). 

The simplest example of such an embedding occurs when P has type 2. 

Definition 11.1. A Banach space P is said to have type p G [1,2] if there exists a 
constant C p such that for all finite sequences x±, . . . , xn in P we have 

N 



N 

E 

n=l 



The space P is said to have cotype q £ [2, oo] if there exists a constant C q such 



that for all finite sequences x\, 

N 



, xn in P we have 



(En* 



ra=l 



E 



n=l 



For q = oo we make the obvious adjustment in this definition. 

The least constants in the above definitions are denoted by T P (E) and C q (E), 
respectively, and are called the type and cotype constant of P. 

Remark 11.2. In the definitions of type and cotype, the Rademachcr variables may 
be replaced by Gaussian random variables; this only affects the numerical values 
of the type and cotype constants. The Gaussian type and cotype constants of a 
Banach space P are denoted by T^(E) and C^(E), respectively. 
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It is easy to check that the inequalities defining type and cotype cannot be 
satisfied for any p > 2 and q < 2, respectively, even in one-dimensional spaces E. 
This explains the restrictions imposed on these numbers. 

Example 11.3. Every Banach space has type 1 and cotype oo. 

Example 11.4. Every Hilbert space has type 2 and cotype 2. A deep result of 
Kwapien [70] states that, conversely, every Banach space with type 2 and cotype 
2 is isomorphic to a Hilbert space. 

Example 11.5. Let (A, /i) be a er-finite measure space and let 1 ^5 r < oo. If 
E has type p (cotype q), then L r (A;E) has type min{p, r} (cotype max{g,r}). In 
particular, L r (A) has type min{2,r} and cotype max{2,r}. 

Let us prove this for the case of type, the case of cotype being similar. If r < p 
we may replace p by r and thereby assume that l^p^r<oo;wc shall prove 
that L r (A; E) has type p, with 



T p {L r {A-E)) < K 2 , r K r - 2 T p (E) = 



K 2 . r T p {E), 
T P {E), 



if 1 < r < 2; 

if r = 2; 

if 2 < r < oo. 



Here K 2r and K r>2 are the Kahane-Khintchine constants. 

Let /i, . . . , /jy € L r (A; E) . By using the Fubini theorem, the Kahane-Khintchine 
inequality, type p, Holder's inequality, and the triangle inequality in L*(A), 



N 



^ ] r nfn 



L r (A;E) 



N 



N 

e|| 



- AT r 

^^ 2 T p ( J B)(y^(Eii/„(or) p 



= K 7 , 2 T p (E) 
< K r . 2 T p (E) 



n=l 
N 

E" 



LP (A) 



n=l 
N 



Lp (A) 



K r , 2 T p (E)(J2\\fn\\ p L 



\Lr{A;B\ 



An application of the Kahane-Khintchine inequality to change moments in the left 
hand side finishes the proof of the first assertion. 

If a Banach space has type p for some p £ [1,2], then it has type p' for all 
p' € [l,p]; if a Banach space has cotype q for some q € [2, oo], then it has cotype q' 
for all q' £ [q, oo]. A simple duality argument shows that if E has type p, then the 
dual space E* has cotype p', - + y = 1. If E is X-convex and has cotype p, then 

the dual space E* has type p', jj + = 1. The _ftT-convexity assumption cannot be 
omitted: has cotype 2 while its dual £°° fails to have non-trivial type. 
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The next theorem goes back to HOFFMANN-J0RGENSEN and Pisier [48] and 
ROSINSKI and SUCHANECKI [105]; in its present formulation it can be found in van 
Neerven and Weis [91]. 

Theorem 11.6. Let (A,£/,fi) be a a-finite measure space. 

(1) If E has type 2, then the mapping (/ ® h) ® x i— > f ® (h ® x) has a unique 
extension to a continuous embedding 

l 2 {a^{h,e))^~{{l 2 {A;H),e) 

of norm at most T2{E) . Conversely, if the identity mapping f ® x <-> f ®x 
extends to a bounded operator from L°°(0,1; E) to 7(L 2 (0, 1), E), then E 
has type 2. 

(2) If E has cotype 2, then the mapping /(g) (h®x) i-> (/<8>/i)<8>x has a unique 
extension to a continuous embedding 

j(L 2 (A;H),E) L 2 (A;j(H,E)) 

of norm at most C2{E). Conversely, if the identity mapping f <g x n- /(g) 
extends to a bounded operator from 7(L 2 (0, 1), E) to L (0,1; E), then E 
has cotype 2. 

Proof. We shall prove (1); the proof of (2) is very similar. 

Let (fm)m=i an d (h n )n=i ^ e orthonormal systems in L 2 (A) and H, respectively, 
with f m = c m lA m for suitable disjoint sets A m G si; here c m := 1/ ' yj fj,(A m ) is a 
normalising constant. Let (7 mn ) m> „^i be a Gaussian sequence on (fi, j?,P) and 
let (r' m ) m ^i be a Rademacher sequence on a second probability space (Qf,^',f). 
For each u>' £ Q! the Gaussian sequences (7mn)m,n^i and (r m (us')j mn ) m! n^.i are 
identically distributed. Averaging over using Fubini's theorem and the type 2 
property of L 2 (Q; E), we obtain 



M N 



J2 

■1 -/; 



M AT 



7 (i 2 (A;H),S) 
2 



m— 1 n—1 
M 



V 



EE I ^ ^ 7 m ^ ^ ^fmnXmn 
m— 1 n—1 
A/ V 

< T 2 (£) ^ e|| ^ 

rn—1 n—1 
M N 2 

m— 1 n—1 

A-/ TV 

= Ti(E) dM(An)E|| J^Tnarm, 

m— 1 n—1 

Af V 



m— 1 n—1 



L 2 (A; 7 (//,.E)) 
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It is easy to check that elements of the form E m =i J2n=i(f m ® ® ^^n™ an( ^ 
E^=iE^Li(/m ® (/in O x mn ) are dense in 7 (£ 2 (^5 H), E) and L 2 (A; 7 (tf, E)), 
respectively. This gives the first assertion. 

The proof of the converse relies on the preliminary observation that in the def- 
inition of type 2 we may restrict ourselves to vectors of norm one. To prove this 
we follow James [56]. Keeping in mind Remark 11.2, suppose there is a constant 
C such that for all TV ^ 1 and all Xi, . . . , xn €£of norm one we have 



N 

E 



N 



71=1 



Now let xi, . . . ,xn € E have integer norms, say \\x n \\ = M n , and let ("fmn)m,n^i be 

a doubly indexed Gaussian sequence. Since Em=i 7™« an< ^ ^nln are identically 
distributed, we have 



V 2 IV K 

E |E 7n:C ™ = E || E E 7m " 
n— 1 n— 1 m— 1 



N K 



N 



^EE 



n— 1 m — 1 11 1 



= C 2 £KI| 2 . 



Upon dividing by a large common integer, this inequality extends to x\ , . . . , a; at € £7 
having rational norms, and the general case follows from this by approximation. 

Suppose now that E fails type 2, and let N ^ 1 be fixed. By the observation 
(and Remark 11.2), there exist x\, . . . , Xm € E of norm one such that 



M 



^ 2 E 



Let 7i, . . . , Im be disjoint intervals in (0, 1) of measure \I m \ — 1/M 2 . 
Then, using that the functions %/Ml/ m are orthonormal in L 2 (0, 1), 



M 



= J-I 

7(L 2 (0,1),B) M 

= N 2 



M 



E 7 " 

m— 1 



2 > CW 2 



m—1 



A I 



N 2 \\ ^ l/ m ®X r 



L°°{0,1\E) 



This shows that the identity mapping on L 2 (0, 1)®E does not extend to a bounded 
operator from L°°(0, 1; E) into 7 (7 2 (0, 1),E). □ 

Note that if <f> := f ® (h g§ x), then := / £g> (/i ® x) is the operator given by 

(11.1) = / 9 e7 2 (A;i7). 

Ja 

Corollary 11.7. If the identity mapping f®x i— > /(8>a; extends to an isomorphism 

L 2 (R+;£)~ 7 (L 2 (M + ),i?), 
t/ien -E is isomorphic to a Hilbert space 

Proof. By Theorem 11.6, E has type 2 and cotype 2 and -E is isomorphic to a 
Hilbert space by Kwapien's theorem cited earlier. □ 
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We continue with an example of van Neerven and Weis [91] which shows 
that in certain spaces without cotype 2 there exist bounded strongly measurable 
functions (j> : (0, 1) —> J£(H; E) such that the operator defined by (11.1) belongs 
to 7(L 2 (0, 1; H),E), even though <f>(t) & 7 (if, E) for all t G (0, 1). 



Example 11.8. Let H = £ 2 and E = l v with 2 < p < 00. For k = 1,2,... choose 
sets Ak C (0, 1) of measure ^ in such a way that for all t G (0, 1) we have 

(11.2) t€4}=(». 

Define the operators 0(t) : £ 2 — > ^ p as coordinate-wise multiplication with the 
sequence (ai(i), 02 (t), ■ ■ ■ ), where 

(11.3) a k (t) -- 



1, if t G Afc, 
0, otherwise. 



Then || (/>(£) || = 1 for all t G (0, 1) and none of the operators (f>(t) is 7-radonifying. 
Indeed, this follows from Proposition 13.7 below, according to which we have (f>(t) G 
~f(e 2 ,£ p ) if and only if 

X)ll^(*) e fcll?» <00 > 

where e* k denote the fc-th unit vector of l q (i + i = 1). By (11.2) and (11.3), the 

sum J2T=i II0*(*KII?» diverges for all t G [0, 1]. 

The associated operator : L 2 (0, 1;£ 2 ) — >• £ p is well-defined and bounded, and 
we have 



\T+u%\\l, = J a 2 k (t)dt=\A k \ = ±. 



Consequently, 

v \\Td,ui\\ p „ 2 = —g < 00 



and is 7-radonifying. 



Using the scale of Besov spaces, a version of Theorem 11.6(1) can be given for 
Banach spaces E having type p G [1,2]. In van Neerven, Veraar, Weis [87], it 
is shown by elementary methods that if E has type p, then for all Hilbert spaces 
H the mapping / <E) (h<Ei x) H> (/ ® h) (8 x extends to a continuous embedding 

B|p ' (0, 1; 7 (if, £)) 7 (£ 2 (0, 1; if), £)• 

Conversely, by a result of Kalton, van Neerven, Veraar, Weis [61], if the 
identity mapping / ® x 1— > / ® x extends to a continuous embedding 

B;~ k {Q,l;E)^-f{L 2 {Q,l),E), 

then E has type p. 

The first assertion is a special case of the main result of Kalton, van Neer- 
ven, Veraar, Weis [61], where arbitrary smooth bounded domains D C K d are 
considered. In this setting, the exponent - — | has to be be replaced by - — | . It is 
deduced from a corresponding result for D = R d which is proved using Littlewood- 
Paley decompositions. This approach is less elementary but it leads to stronger 
results. It also yields dual a characterization of spaces with cotype q G [2, 00]. 
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12. p-ABSOLUTELY SUMMING OPERATORS 

Let 1 p < oo. A bounded operator T : E — > F is called p-absolutely summing 
if if there exists a constant C ^ such that for all finite sequences x\, . . . ,xm in E 
we have 

N N 
J2\\TXn\\ P ^C? Sup J2\( X n,X*)\ P . 
n=l ll**IKl n =l 

The least admissible constant C is called the p-absolutely summing norm of T, 
notation \\T\\^ p(EyF) . 

It follows in a straightforward way from the definition that the space ir p (E, F) of 
all p-absolutely summing operators from E to F is a Banach space with respect to 
the norm || • || w (e,f)- We have the following two-sided ideal property: \i S : E' ^ E 
is bounded, T : E — > F is p-absolutcly summing, and U : F — > F' is bounded, then 
t/TS 1 : E' — >• i* 1 ' is p-absolutcly summing and 

IIC/T^H^^^) < ||t/||||T|| 7rj>(J ^ ) ||S'||. 

We shall prove next that p-absolutcly summing operators are 7-radonifying. 
The proof is an application of the Pietsch factorisation theorem (see Diestel, 
Jarchow, Tonge [30]) which states that if T is p-absolutely summing from E 
to another Banach space F, then there exists a Radon probability measure v on 
(Be* , weak*) such that for all x € E we have 

IP 



T *\\ P < \\nZ {E , F) / \(x,X*)\*dv{x 



Recall that K^ q denote the Gaussian Kahane-Khintchine constants. 

Proposition 12.1 (Linde and Pietsch [77]). IfT G n v (H,E) for some 1 ^ p < 
00, then T G ^(H^E) and 

\\T\\l{H,E) < ™&x{K2,p, Kl,2}\\ T \\w p (H,E) 

Proof. Let hx, ■ ■ ■ , be an orthonormal system in H . Then, by the Pietsch fac- 
torisation theorem and the Fubini theorem, 

N n . 1 .. N 

(E V 7 „T/i„ 



n— 1 n— 1 



n=l 

< K lpW T K(H,E) (E / I [ £ 7n^n, ft] 

«/ -Bf7 1 



n=l 

N 



n=l 



< ^2 7 p^p 7 ,2ll T IU P (H. B ) Sup ^|[/ln,ft]H| 

= ^ 2 7 ,p^p 7 , 2 l!r|U pWB ). 

Since the finite rank operators are dense in ■k p (H,E) 1 this estimate implies that 
T is 7-radonifying with \\T\\^ (HyE) ^ K^^K^ 2 \\T\\^ p[HtE) . Finally observe that 
K 2yP Kp 2 = max{ if^p* -^2} sucn a t least one of these numbers equals 1. □ 

We also have a 'dual' version: 
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Proposition 12.2. IfTe l{H,E), then T* G ir 2 {E* 7 H) and 

\\T*\\ ir2 (E'-,H) ^ \\T\\-((H,E)- 

Proof. Let (hj)j^\ be an orthonormal basis for the separable closed subspace 
(ker(T)) 1 - of H. For all x\, . . . , x* N in E* we have 

N N N 

E h t *<ii 2 = EE^-o 2 = E J2(J2^ Th ^ x *-' 

n—1 n—1 j^l n—1 j^l 

2 N 

^H^^jThj sup E( x >0 2 



2 



3>1 IMI^ 1 ^! 



N 

2 



< II t II 7 (h.,e) SU P E( x «' 



□ 



Our next aim is to prove that, roughly speaking, a converse of Proposition 12.2 
holds if and only if E has type 2, and to formulate a similar characterisation of 
spaces with cotype 2. These results are due to Chobanyan and Tarieladze [19]; 
see also Diestel, Jarchow, Tonge [30, Chapter 12, Corollaries 12.7 and 12.21]. 
For further refinements we refer to Kuhn [65]. 

Theorem 12.3. For a Banach space E the following two assertions are equivalent: 

(1) E has type 2; 

(2) whenever H is a Hilbert space and T G Jz?(if, E 1 ) satisfies T* G TT2{H,E), 
then T G j(H, E). 

In this situation one has 

\\T\\ 1[H , E) ^K(E)T2{E)\\T*\U 2{E ^ H) , 
where T^E) is the Gaussian type 2 constant of E. 

Proof. Suppose first that E has type 2 and let T G -£?(if, E) be as stated. The 
dual space E* is ET-convex by Propositions 10.4 and 10.8, and therefore by Theorem 
10.9 we have a natural isomorphism {"l(H, E*))* ~ r )(H 1 E**) given by trace duality. 
The idea of the proof is now to show that T defines an element of (7 (if, E*))* via 
trace duality. Once we know this it is immediate that T G 7 (if, E). 
Given S G 7(if, E*), define 

N 

(12.1) MS) :=tr(T*S) = J2l T * Sh n,hn]- 

n=l 

Since E* has cotype 2, the implication (1)=>(2) of Theorem 12.4 below shows that 
S is 2-absolutely summing and 

\\s\Uh,e*) < cue*)\\s\Uh, e *) < mmshw). 

It follows that T*S, being the composition of two 2-absolutely summing operators, 
is nuclear and therefore the sum in (12.1) is absolutely convergent and 

jv 

< ||i 1 *IU 2 (£;*,ii-)||5'IU 2 (ff,B*) 

n=l 

<T2{E)\\S\\ 
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This shows that <pT is a bounded linear functional on j(H,E*) of norm \\4>t\\ 
T2 (E)\\T* W^^E' ,H)- This proves the implication (1)=>(2) and the norm estimate. 

The proof of the implication (2)=>(1) is based on the observation that a bounded 
operator S : F — » £ 2 , where F is a Banach space, is 2-absolutcly summing if for all 
bounded operators U : £ 2 — > F the composition SU : £ 2 —> £ 2 is Hilbcrt-Schmidt. 
To prove this, given a sequence (x n ) n ^i in F which satisfies Yl n >i( Xn ' x *) < 00 
for all x* G F* we need to show that Xm>i 1 1 1 1 ^2 < 00. An easy closed graph 
argument then shows that S <E tt 2 (F, £ 2 ). 

Let (u„)„^i de the standard unit basis of £ 2 and consider the operator U : £ 2 — > A 
defined by £/u„ := x„. The operator [/ is bounded; this follows from 

\\Uh\\ 2 = sup (Uh,x*) 2 

= sup y^[h,u n ] 2 (Uu n ,x*) 2 ^ \\h\\% sup V(x„,x*) 2 . 

By assumption, SU is Hilbert-Schmidt, so ^n>i ll^^-'nllfa = Xin^i II Ufa < 00 
as desired, and we conclude that 5 G n2{F,£ 2 ). 

By the closed graph theorem, there is a constant K ^ such that 

IISIIwf,^) < A sup ||S , C/||^ f2(£ 2 £ 2 ) . 

Now assume that for all T G £?(£ 2 ,E) with T* G 7r 2 (A*, £ 2 ) we have -y(£ 2 ,E). 
By a Baire category argument we find a constant C ^ such that ||T|| 7 (^2 jB ) $J 
C||^*IU 2 (-B*,f 2 )- Let sci, . . . , x 7v in £7 be arbitrary and given, and define Tj^Un = x n 
and TnU = if u _L ti„ for all n = 1, . . . , N . Then, 



E 



N „ iV 



E lnT N U n 



— II^Jv|| 7 (^a,B) 



n—1 n— 1 

< C 2 !|T^|| 2 2(B%f2) C 2 A 2 sup^ II^C/H^^^) 
= C 2 A 2 sup \\U*T N \\% 2{PjP) = C 2 K 2 sup J2\\ U * T NUn\ 



II^Ki n= i 

AT AT 

\\x, 

7/ 



c 2 k 2 sup ^iic/^ii^^c 2 ^ 2 ^!!^!! 2 



This shows that E has type 2 with constant T^{E) < CAT. □ 

Theorem 12.4. For a Banach space E the following two assertions are equivalent: 

(1) E has cotype 2; 

(2) whenever H is a Hilbert space, T G 7(A, A) implies T G ^(A, A). 
Ai i/iis situation one has 

\\T\Uh,e) < ^(A)||T|| 7(ffi£) , 
where C^A) is i/ie Gaussian cotype 2 constant of A. 

Proof. (1)=>(2): We may assume that A is separable. Let (/i„)„^i be an or- 
thonormal basis for A, let (7 n ) n ^i be a Gaussian sequence on a probability space 
(fi, <^,P), and let (r' n ) n ^i be a Rademacher sequence on another probability space 
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Fix vectors xi 
n = 1, . . . , JV and Uh n = for n > N + 1. Then, 

AT JV 

^||Ta;„i| 2 =E^||7„Ta;„|| 2 



,xn & H and define U : H ^ H by Uh t 



for 



JV 



(C 2 7 (£)) 2 EE'| ^ r^ 7 „Tx„ = (C 2 7 (£)) 2 e| ]T 7»rEtt, 

n=l n^l 

(C 2 ^(i?)) 2 ||TC/||2 (H£) ^ (^(S)) 2 ||T|| 2 W£) ||L/|| 2 . 



Moreover, 

|C/|| = sup [Uh,h']= sup [fe, [Uh n , h f ] 



JV 



JV 



\h\\,\\h'\\<l 



n=l 
JV 



JV i JV i JV 

«S Slip (V[/l,y 2 ) 2 SUp ( V[[//l„,/l'] 2 V SUp (J2[x n ,ti\- 

ll'»Ki\ 1= i y llh'Ki \ 1=1 1 

Combining the estimates we arrive at 

JV JV 

^lir^ll 2 ^^^)) 2 ^!! 2 ^ sup ^[,„,/if. 

n=l II^'K1„=1 

(2)=>(1): If T e 7(£ 2 ,i?) implies T e 7r 2 (^ 2 ,-E), then a closed graph argument 
produces a constant C > such that HTH,^^ < C||T|j 7(£ 2 ;E) for all T G 7(7 2 ,£). 
Now let x\, . . . , xjsi € E be arbitrary and define T € 7(i?, S) by Tu„ := x n for 
n = 1, . . . , JV and Tu n := for n ^ JV + 1. Then 



JV 



JV 



£|M 2 = £||Tu n || 2 <||T| 



n=l 



n=l 



JV 



C 2 E \\J2lnTu n =C a E 5^7, 



n=l 



JV 



n=l 



Thus J? has cotype 2 with constant C 2 (i?) ^ C. 



13. Miscellanea 



□ 



In this final section we collect miscellaneous results given conditions for - and 
examples of - 7-radonification. 

Hilbert sequences. We have introduced 7-radonifying operators in terms of their 
action on finite orthonormal systems and obtained characterisations in terms of 
summability properties on orthonormal bases. In this section we show that if one is 
only interested in sufficient conditions for 7-radonification, the role of orthonormal 
systems may be replaced by that of so-called Hilbert sequences. This provides a 
more flexible tool to check that certain operators are indeed 7-radonifying. 

Let H be a Hilbert space. A sequence h = (Ji„)„^i in H is said to be a Hilbert 
sequence if there exists a constant C ^ such that for all scalars ai, . . . , ajvj 

JV JV 1 
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The infimum of all admissible constants will be denoted by Ch- 

Theorem 13.1. Let (h n ) n ^i be a Hilbert sequence in H. If T G ^{H^E), then 
Yln>i^nTh n converges in L 2 {Q,;E) and 

v\Y^lnTh n \cl\\Tf l{HiE) . 



Proof. Let (h n ) n ^i be an orthonormal basis for the closed linear space H of 
(h n )n^i- Since (/i„)„j>i is a Hilbert sequence there is a unique S G Jzf(iJo) such 
that Sh n = h n for all n ^ 1. Moreover, ||S|| ^ Ch- Indeed, for h = fl n^n we 

have 

N n N 



\Sh\\% 



H 



^E 



cl\\hf H , 



and the claim follows from this. 

By the right ideal property we have T o S G ^(Hq, E) and 



□ 



A sequence is a Hilbert sequence if it is almost orthogonal: 

Proposition 13.2. Let (h n ) n ^z be a sequence in H . If there exists a function 
(f> : N — > R+ such that for all n ^ m G Z we have \[h n ,h m ]\ <$>(n — m) and 
Sj>o ^(j) ^ 00 > then (h n ) n £z is a Hilbert sequence. 

Proof. Let (a n ) n gz be scalars. Then 



N 



N 



| ^2 OL n h n = ^ |a„| 2 ||/i„|| 2 + 2 ^2 a n a m [h n ,h ri 

n=-N n=-N — JV<n<m<iV 

|^(n - 777.) 

= m ki 2 + 2 y, m E 

< (0(O) + 2^0(j))^|a„| 2 , 
where the last estimate follows from the Cauchy-Schwarz inequality. 



□ 



For some applications see Haak, van Neerven [45] and Haak, van Neerven, 
Veraar [46]. We continue with some explicit examples of Hilbert sequences. The 
first is due to Casazza, Christensen, Kalton [17]. 

Example 13.3. Let G L 2 (R) and define the sequence (h n ) n ez in L 2 (R) by h n (t) = 
e 27rm *(/>(i). Let T be the unit circle in C and define / : T — s- [0, oo] as 

f(e 2 ^):=J2m + k)\ 2 ' 
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From 

1 1 y^ a n h n = y~] 



fc+i 



E 



2ty in l 



0(t) 



rff 



i-e: 



E / IE 



2-Kini 



<f>(t + k) 



dt 



E 



2tt int 



f{e* mt ) dt 



we infer that (/i n )nez is a Hilbert sequence in i 2 (K) if and only if there exists a 
finite constant B such that f(e 2mt ) ^ B for almost all t £ [0, 1]. In this situation 
we have C 2 = esssup(/). 

Example 13.4. Let (A„)„^i be a sequence in C+ which is properly spaced in the 
sense that 

Am Xr. 



inf 



Am + A, 



> 0. 



Then the functions 



f n (t) := y/BcXne-*"*, n^l, 



define a Hilbert sequence in L 2 (R + ); see Nikol'skii and Pavlov [94] or JACOB 
and Zwart [54, Theorem 1, proof of (3)=>(5)]. From this one easily deduces that 
for any a > and p £ [0, 1) the functions 

f n (t) := e -°*+ 2 "("+p)*, n£Z, 

define a Hilbert sequence in L 2 (M+). The following direct proof of this fact is taken 
from Haak, van Neerven, Veraar [46, Example 2.5]. 
For all t £ [0,1), 



F{e 2nit )= J2\f( t + k)\ 2 = J2e- 2a 



(t+fc) 



fc>0 



3 2o(l-i) 
e 2a - 1 



Now Example 13.3 implies the result, with constant = l/\/l — e~ 2a . 

More on this topic can be found in Young [121]. 

Conditions on the range space. For certain range spaces, a complete charac- 
terisation of 7-radonifying operators can be given in non-probabilistic terms. The 
simplest example occurs when the range space is a Hilbert space. 

If H and E are Hilbert spaces, we denote by ^(H, E) the space of all Hilbert- 
Schmidt operators from H to E, that is, the completion of the finite rank operators 
with respect to the norm 



N 



2 

SSa(H,E) 



N 

E 



where h \ 



,Kn are taken orthonormal in H. 



Proposition 13.5 (Operators into Hilbert spaces). If E is a Hilbert space, then 
T £ "/(H, E) if and only if T £ Jz?2(-ff, E), and in this case we have 



\\T\\ 7 (H,E) = \\T\\^ 2 (H,E)- 
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Proof. This follows from the identity 



N 

E 7„x r 



ra=l 



A 



E E 



m.n—l 



N 

Ei 

n=l 



□ 



The next two results are taken from VAN Neerven, Veraar, Weis [88]. 

Theorem 13.6 (Operators into L P (A;E)). For all 1 ^ p < oo the mapping ft <g) 
(/ ® x) i— > / C3> (ft ® x) defines an isomorphism of Banach spaces 

j(H,V>(A;E)) ~ W(A; 7 (H,E)). 

For p — 2 iftzs isomorphism is isometric. 

Proof. Let / g ® (i? ® E), say / = <t>™ ® T ™- B V a Gram-Schmidt 

argument may assume that the operators T m € H®E are of the form $3 n=1 hn®Xmn 
for some fixed orthonormal systems {fti, . . . , ft at} in iJ. Denoting by U the mapping 
/ CS> (ft <g> x) — > ft (8 (/ ® x) from the Kahanc-Khintchine inequalities and Fubini's 
theorem wc obtain, writing /ft n = ^ m =i 4>m ® x mn , 



v 



1^/11 



-y(H,L"(A;E)) 



2 

lp(a ; b; 



E ^ 7 „/ft„ 

n=l 
A 

~ P (e y^7 n /ft 

n=l 

A 

E|| ^2 Jnfhn 
n=l 

■V ( J (E|E^n/ft 



P 

Lp(A;E) 
P 



n=l 



d/i. 



\f\\LP(A;j(H,E))- 



The result now follows by observing that the functions / of the above form are dense 
in L P (A; "f(H, E)) and that their images under U are dense in j(H, L P (A; E)). □ 

The equivalence (1)^(3) of the next result shows that an operator from a Hilbert 
space into an L p -space is 7-radonifying if and only if it satisfies a square function 
estimate. The equivalence (l)-o-(2) was noted in Brzezniak and van Neerven 
[15]. 

Proposition 13.7 (Operators into L P (A)). Let (A, &/) be a a-finite measure space 
and let 1 p < 00. Let (ftj)ig/ be a maximal orthonormal system in H. For an 
operator T g Jff(H,L p (A)) the following assertions are equivalent: 

(1) Te 7 (ff,£ p (i)); 

(2) there exists a function f g L P (A;H) such that Th = [/, ft] for all ft g H. 

(3) (Eigi I^Pr summable in L P {A). 
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In this case we have 



\T\ 



~f(H,LP(A)) ~p 



E™ 



Proof. The equivalence (1)<^>(2) is a special case of Theorem 13.6. To prove the 
equivalence (1)<S=>(3) we apply the identity 

N 2 N 

e|^c„7„ = E \c n \ 2 

n—1 n—1 

with c„ = /n(C)i £ € A. Combined with the Khintchine inequality, Fubini's the- 
orem, and finally the Kahane-Khintchine inequality in L P (A), for all fx, . . . , /jv G 
L P (A) we obtain 

N i N „ i V 



E 



n=l 
V 

( E || E 7 "-^ 



E E^n/r 



P 

LP(A) 



n=l 

V 



= P ( E || E 7n ^ 



n=l 



The equivalence as well as the final two-sided estimate now follow by taking /„ := 
Thi n and invoking Theorem 3.20. □ 

Here is a neat application, which is well-known when p = 2. 

Corollary 13.8. Let {A,sf) be a finite measure space. For all T G &(H,L°°(A)) 
and 1 ^ p < oo we have T G j(H, L P (A)) and 

WTW^lH.LPiA)) <p \\T\\jZ{H,L<~{A))- 

Proof. Let (hi)i^i be a maximal orthonormal system in H. For any choice of finitely 
many indices ix, ■ ■ ■ ,ijv € I and c£^, for //-almost all £ € ^4 we have 



v 



v 



E c «( T ^J(£) ^ E c « T ^ 



V 



liri 



£?(H,L°°(A)) 



n=X 



\T\ 



£?(H,L°°(A)) 



\4- 



Taking the supremum over a countable dense set in the unit ball of R d we obtain 
the following estimate, valid for //-almost all £ e A: 

N i 

S?(H,L°°(A))- 



Now apply Proposition 13.7. 



□ 



New 7-radonifying operators from old. The next proposition is a minor 
extension of a result of Kalton and Weis [63] . 

Proposition 13.9. Let (a,b) be an interval and <p : (a, b) — > j(H,E) be continu- 
ously differentiable with 

(s - o) t ||0'(s)|| 7 (h i b) ds < oo. 
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Define : L 2 (a, b;H)-> E by 

/ <Kt)f(t)dt. 

J a 

Then T G j(L 2 (a, b; H), E) and 

f b 

\\T<j,\\ 7 (L2(a,b;H),E) < (& - a ) 2 II </>(&) II + / ( s ~ «) 2 II ^'( s ) l|-y(i?,E) rfs - 



Proof. For notational simplicity wc shall identify j(H, _E)-valucd functions on (a, b) 
with the induced operators in Jzf (L 2 (a, 6; H), E). 

The intcgrability condition implies that <p' is integrable on every interval (a', 6) 
with a < a' < b. Put ^(M) := l(t,6) («)</>'(«) f° r s,t e. (a,b). Then, by the 
observations just made, 

4>{t) = <p{b) - [ ip(s,t)ds 



for all t G (a, b). By Example 3.8, for all s G (a, 6) the function t i-> ip(s,t) = 
l(t,b)( s )0'( s ) = l(a,s)(*)^'( s ) belongs to 7(L 2 (a, 6; H), i5) with norm 

l|l(-,b)(s)0'(s)ll 7 (£ 2 Kb;ff),£) = II l(a,s) || 2 1| & (s) \\ 1 (H,E) = (s ~ a)% \\<f>' (s)\\ y{H)E y 

It follows that the 7(L 2 (a, b; H), E?)-valued function s H> ip(s,-) is Bochner in- 
tegrable. Identifying the operator <f>(b) G 7(H, E) with the constant function 
l(a,b)0(&) € 7( i2 (a, 6; H),E), we find that € 7(£ 2 (a, 6; H), and 

^(b-a)?U(b)\\ 

J a 

= (b-a)^\\(p(b)\\ l{HyE) + / (s-a)i\\<t>'{s)\\^ HtE) ds. 

J a 

□ 

The next result is due to Chevet [18]; see also Carmona [16]. We state it 
without proof; a fuller discussion would require a discussion of injective tensor 
norms (see Diestel and Uhl [31] for an introduction to this topic). 

Proposition 13.10. For all Ti G 7 (.Hi, E x ) and T 2 G l{H 2 ,E 2 ) we have 

Ti ® T 2 G 1 {H 1 ®H 2 ,E 1 ® £ E 2 ), 

where H®H' denotes the Hilbert space completion of H ® H' and Ei® e E 2 denotes 
the injective tensor product of E\ and E 2 . 

In view of the identity C[0, \\® e E = C([0, 1];E), the interest of this example lies 
in the special case where one of the operators is the indefinite integral from L 2 (0, 1) 
to C[0, 1] (see Proposition 13.17). 

The final result of this subsection is a Gaussian version of the Fubini theo- 
rem. For its statement we need to introduce another Banach space property. Let 
(l'm)m^i and (7")n>i be Gaussian sequences on probability spaces (£l',J^',¥') and 
(fi",^"",P"), and let (j m n)m,n^i be a doubly indexed Gaussian sequence on a 
probability space (fi, P). 

It is easy to check that (7„7 I '')m,ri^i is not a Gaussian sequence. The following 
definition singles out a class of Banach spaces in which it is possible to compare 
double Gaussian sums with single Gaussian sums. 
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Definition 13.11. A Banach space E is said to have property (a) if there exists a 
constant < C < oo such that for all finite sequences (xm^i^m^M, l^n^N in E 
we have 

M N „ M N „ M N 



Ml EE -r- 



C 2 



rnn-^mn 



m—1 n—1 



< E'E" J ^ ^ l' m lnX mn < C 2 E| E E > 

m—1 n—1 m—1 n—1 

In an equivalent formulation, this property was introduced by Pisier [100]. The 
least possible constant C is called the property (a) constant of E, notation a(E). 
Let 1 $J p < oo. From 

M N i 

< (e'E"|| EE«/™ 



A/ AT 



m—1 n—1 

M N 



<^ 7 ,i( E '( E "||EE«y-|) P ) 

m—1 n—1 

M N 

E "|E E^«y™ 

m—1 n—1 

M iV 

m—1 n—1 

AI N 

^TO^lEE'^ 



Lp(n'-E) 



m — 1 ?i— 1 
M N 



= (^ >1 ) 2 E'E"|EE^7;Vmn 

m—1 n—1 

and another application of the Kahane-Khintchine inequalities (in order to prove 
similar estimates for the sums 5Zm=i En=i ImnXmn), we see that the moments of 
order 2 in the Definition 13.11 may be replaced by moments of any order p. The 
resulting constants will be denoted by a p (E). Thus, a(E) = ot2(E). 

Example 13.12. Every Hilbcrt space H has property (a), with constant a(H) = 1. 
This is clear by writing out the square norms as inner products. 

Example 13.13. Let (A, fj,) be a a measure space and let 1 ^ p < oo. The space 
L P (A) has property (a), and more generally if E has property (a) then L P (A;E) 
has property (a), with constant 

a p (L p (A;E))=a p (E). 

Indeed, for f mn g L P (A; E), m = 1, . . . , M, n = 1, . . . , N, we have 

M N M N 

e EE 



m—1 n—1 



P 

Lv(A-E) 



l E || E E7mn/m„(0f^(0 
J A m=ln=l 

. M N 

a p (E) / E'E"|EE«/ m n(0| « 

m=ln=l 
M JV 

a ?(E)E'E"||^^i 7 :/ ra „. 



m—1 n—1 
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The other bound is proved in the same way. This gives a p (L p (A; E)) ^ a p (E); the 
opposite inequality is trivial. 

The next result is due to Kalton and Weis [63] . For further results and refine- 
ments see van Neerven and Weis [92]. 

Proposition 13.14 (7-Fubini theorem). Let E have property (a). Then the map- 
ping h ® (h! ® x) 1 Y (h ® h') x extends uniquely to an isomorphism of Banach 
spaces 

i(h, 1 (h',E))~' 1 (h%h , ,E). 

Proof. For elements in the algebraic tensor products, the equivalence of norms is 
merely a restatement of the definition of property (a). The general result follows 
from it by approximation. □ 

Entropy numbers. Following Pietsch [98, Chapter 12], the entropy numbers 
e n {T) of a bounded operator T € Jz?(-E, F) are defined as the infimum of all e > 
such that there are xi,..., X2n-i G T{Be) such that 

2 „-i 

T(B E )C \J( Xj +eB F ). 

i=i 

Here Be and Bp denote the closed unit balls of E and F. Note that T is compact 
if and only if lim„_ i . 00 e„(T) = 0. Thus the entropy numbers e n (T) measure the 
degree of compactness of an operator T. 

The following result is due to Kuhn [66]. Parts (1) and (2) of can be viewed as a 
reformulation, in operator theoretical language, of a classical result due to Dudley 
[33] and the Gaussian minoration principle due to SUDAKOV [114], respectively. 

Theorem 13.15. Let T G Jzf(H,E) be a bounded operator. 

(1) IfT,n=i n ~^ e n(T*)<oo, thenT e-y(H,E); 

(2) IfTe j(H, E), then sup n>1 nh n (T*) < 00. 

If fact one has the following quantitative version of part (2): there exists an 
absolute constant C such that for all Hilbert spaces H, Banach spaces E, and 
operators T £ j(H, E) one has 

sup nh n (T*) ^ C\\T\\ 1{H , E) . 

n^l 

In combination with a result of Tomczak- Jaegermann [116] to the effect that 
for any compact operator T € J?(£ 2 ,E) one has 

^e n (T*) ^ e n (T) < 32e n (T*), 

this yields (recalling that 7-radonifying operators are supported on a separable 
closed subspace, see (3.1)) the inequality 

sup nh n (T) < C\\T\\ l{H . E) 

for some absolute constant C. See COBOS and Kuhn [25] and Kuhn and Schon- 
BECK [67], where these results are applied to obtain estimates for the entropy 
numbers of certain diagonal operators between Banach sequence spaces. 

Kuhn [66] also showed that Theorem 13.15 can be improved for Banach spaces 
with (co)type 2: 
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Theorem 13.16. Let T £ J?(H,E) be a bounded operator. 

(1) IfE has type 2 and (En=i( e "( r *)) 2 )' < °°> then T e l{ H , E )'> 

(2) If E has cotype 2 and T e j{H, E), then (EiT=i( e "( r ))¥ < °o. 

It appears to be an open problem whether these properties characterise spaces 
with type 2 (cotype 2) and whether they can be extended to spaces of type p (cotype 

«)■ 

The indefinite integral. The final example is a reformulation of Wiener's 
classical result on the existence of the existence of Brownian motions. The proof 
presented here is due to Ciesielski [20]. 

Proposition 13.17 (Indefinite integration). The operator I : L 2 (0, 1) — ^ C[0, 1] 
defined by 

(//)(*):= f f(s)ds, /£L 2 (0,1), te[0,i], 
Jo 

is ry-radonifying. 

The proof is based on the following simple lemma (which is related to the esti- 
mates in Example 4.4). 

Lemma 13.18. For any Gaussian sequence (7n)n>ij 

\ln 



limsup > — = < 1. 

N-+oc ^ V21og(n + l) 



Proof. For alU > 1, 



P{|7«| >t} = -^= j e'^du < — ^= / ue~i u2 du = — ^=e _i ' 



'2tt Vt fV27T Vt tV27T 

Fix a > 1 arbitrarily. For all n ^ 1 we have 2alog(n + 1) 1 and therefore 



P{| 7n | > V2«log(n + l)} ^ v 7 ^^ + l)~ a . 



The Borel-Cantelli lemma now implies that almost surely |7„| y2a log(n + 1) 
for at most finitely many n ^ 1. □ 

Let (xn)n^i be the L 2 -normalised Haar functions on (0,1), which are defined 
by hi = 1 and <j> n := x- 7 ' for n 1, where n = 2- 7 + fc with j = 0, 1, . . . and 
ife = 0, . . . ,2* - 1, and 

x jk = y'H k fc+1/2 - t'h fe+1/2 fc+1 

V 2^ ' 2-J / \ 2J ' 2J / 

Note that the functions x jfe are supported on the interval [^r, ^j]. 
Proof of Proposition 13.17. It suffices to prove that the sum 

EE^^W- te[o,i], 

j^O k=l 

converges uniformly on [0, 1] almost surely. 

Fixing j ^ 0, for all t <G [0,1] we have Ix^ k {t) = for all but at most one 
k E { 1 , . . . , 2 J } , and for this k we have 

0^ I X 3k {t)^2-i' 2 -\ t€[0,l]. 
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Using this, for all jo ^ we obtain the following estimate, uniformly in t £ [0, 1]: 

2 j 2 3 

£ Y, \7jk(u)\I X jk (t) < C{d) Y Y^(^Tk)Ix 3k (t) 

oo 2 J oo 

< CM E EVT+l^t) = C( w ) £ 2-^-1^7+1, 

3=30 fc=l 3=30 

where 

C(cj) := sup 

n>i vlog(n + 1) 

is finite almost surely by Lemma 13.18. This proves the result. □ 
It is straightforward to show that Q := I o I* is given by 

(Qfx)(t)= [ sAtdfi(s), jueM[0,l]. 
Jo 

Here M[0, 1] = (C[0, 1])* is the space of all bounded Borel measures fi on [0,1]. 
The unique Gaussian measure on C[0, 1] with covariance operator Q is called the 
Wiener measure. 

Refining the proof of Proposition 13.17, one can prove that the indefinite integral 
is 7-radonifying from L 2 (0, 1) into the Holder space C a [0,l] for ^ a < |; this 
reflects the fact that the paths of a Brownian motion are C Q -continuous for all 
^ a < | . Alternatively, this can be deduced from the Sobolev embedding theorem 
combined with fact that the indefinite integral is 7-radonifying from L 2 (0, 1) into 
the Sobolev space i? Q ' p (0, 1) for all 2 < p < 00 and a £ (i, |); see Brzezniak [12]. 

Concerning the critical exponent a = |, it is known that the paths of a Brownian 

1 

motion B belong to the Besov space -Bp,oo(0, 1) for all 1 ^ p < 00 and there is a 
strictly positive constant C > such that 

(13.1) p(||B|| 1 >C} = 1. 

see Ciesielski [21, 22], Ciesielski, Kerkyacharian, Roynette [23], Roy- 
NETTE [106] , Hytonen and Veraar [52] for a discussion of this result and further 
refinements. As a consequence of this inequality one obtains the somewhat sur- 
prising fact that the indefinite integral fails to be 7-radonifying from L 2 (0, 1) into 
1 

Bp iO o(0, 1); the point is that (13.1) prevents B from being a strongly measurable 
(i.e. Radon) Gaussian random variable. A similar phenomenon in t°° had been 
discovered previously by Fremlin and Talagrand [39] . 

An application to stochastic Cauchy problems In this section we shall briefly 
sketch how the theory of 7-radonifying operators enters naturally in the study of 
stochastic abstract Cauchy problems driven by an isonormal process. For unex- 
plained terminology we refer to Engel and Nagel [35] and Pazy [97] (for the 
theory of semigroups of operators) and VAN Neerven and Weis [90] (for a discus- 
sion of stochastic Cauchy problems). 

Suppose A is the infinitesimal generator of a strongly continuous semigroup 
S = (S(t))t^o of bounded linear operators on a Banach space E, let Wh be an 
L 2 (R + ; i?)-isonormal process, and let B G J?(H,E) be a bounded linear operator. 
Building on previous work of Da Prato andZABCZYK [27] and VAN Neerven and 
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Brzezniak [14], it has been shown in van Neerven and Weis [90] that the linear 
stochastic Cauchy problem 

dU(t) = AU{t)dt + BdW H {t), i>0, 

U(0) = uo, 

admits a unique weak solution U if and only if for some (and then for all) T > 
the bounded operator Rt : L 2 (0, T; H) E given by 

R T f:= ( T S(t)Bf{t)dt 
Jo 

is 7-radonifying from L 2 (0,T; H) to E. Here we give two sufficient condition for 
this to happen. 

Proposition 13.19. Each of the following two conditions imply that Rt is 7- 
radonifying: 

(1) E has type 2 and B g j(H,E); 

(2) S is analytic and B G ^{H,E). 

Proof. (1): By the strong continuity and Corollary 6.4 the 7 (if, i?)-valued function 
1 1 — ^ S(t)B is continuous on [0, T]. In particular it belongs to L 2 (0, T; j(H, E)) and 
therefore, by Theorem 11.6, the induced operator Rt belongs to j(L 2 (0, T; H),E)). 

(2): By the analyticity of S the 7 (H, E)- valued function t i-> S(t)B is continu- 
ously differentiable on (0, T) and 

/ ti\\S'(t)B\\^ H , E) dt^C T [ t- 1 -\\B\\ l{H ^ E) dt^2C T T^\\B\\ l{H . E) . 
Jo Jo 

where we used the analyticity of S to estimate |jS"(t)|| = ||AS(f)|| ^ Crt^ 1 for 
t g (0, T). Now Proposition 13.9 implies that R T belongs to j{L 2 (0, T; H), E)). □ 
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